CONTINUOUS COHOMOLOGY OF GAUGE ALGEBRAS AND
BORNOLOGICAL LODAY-QUILLEN-TSYGAN THEOREMS

LUKAS MIASKIWSKYI

ABsTrACT. We investigate the well-known Loday-Quillen-Tsygan theorem,
which calculates the Lie algebra homology of the general linear algebra gl(A) =
li_n} gl,, (A) for an associative algebra A in terms of cyclic homology, and extend
the proof to bornological Lie algebra homology of Fréchet and LF-algebras. For
Fréchet spaces, this equals the usual continuous Lie algebra homology and is
hence closely tied to the dual continuous cohomology.

To this end we prepare several statements about homological algebra of
topological vector spaces, and discuss when the differential of the bornological
Hochschild and cyclic complex are topological homomorphisms in the setting
of Fréchet algebras.

We apply the results to the algebras of smooth functions on a smooth
manifold and compactly supported smooth functions on Euclidean space, and
construct from a local-to-global principle a Gelfand-Fuks-like spectral sequence
which calculates the stable part of bornological Lie algebra homology of non-
trivial gauge algebras. This complements results by Maier, Janssens and
Wockel.
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1. INTRODUCTION

In recent years, interest has grown to understand continuous Lie algebra cohomo-
logy of certain infinite-dimensional Lie algebras, specifically low-degree cohomology,
which contains information about continuous central extensions of the given Lie
algebra and thus its projective representations. In degree < 2, the cohomological
equations can reasonably well be handled explicitly, so many interesting examples
from the realm of differential /symplectic geometry are now well-understood, see for
example [I], [2], [3].

Of specific interest in physics is the infinite-dimensional symmetry group of gauge
transformations, and its corresponding infinitesimal symmetries, modelled as the
sections of a Lie algebra bundle IC — M. This is what we call a gauge algebra. When
the fibres of this bundle are semisimple finite-dimensional Lie algebras, the second
degree cohomology is fully understood, see [4] for the globally trivial case and [5] for
the general case of nontrivial gauge algebras. However, the methods within these
papers are very specifically suited to degree 2, which raises the question of how one
might calculate higher degree cohomology.

Independently, roughly 40 years ago, Loday, Quillen and Tsygan fully described
the algebraic Lie algebra homology of gl(A) = lim (g1,,(K) ® A) for arbitrary unital
algebras A and fields K with Q C K in terms of cyclic homology HJ\(A), see [6], [7]-
Their proof lays the groundwork for results about the homology of many so-called
current algebras, Lie algebras of the shape g ® A, where g is another Lie algebra
and A is an associative algebra. In particular, when g equals any of the classical
simple Lie algebras, their method allows one to extract quite a lot of information.

Now, if g is finite-dimensional, the current algebra g ® C*°(M) = C*°(M,g)
represents exactly the gauge algebra of a globally trivial Lie algebra bundle with
fibres equal to g, establishing a connection between the work of Loday, Quillen
and Tsygan, and the study of gauge algebras. However, since one is in general not
only interested in the algebraic Lie algebra cohomology of gauge algebras, but their
continuous counterpart, one may ask the question if the proof of the Loday-Quillen-
Tsygan (LQT) result holds when the involved homology theories are modified to
take topological data into account. This would provide a unified way to calculate
continuous (co-)homology of locally trivial gauge algebras with many different fibre
Lie algebras, providing information in more than just low degree.

The goal of this paper is to explore this question and answer it in the affirmative
for bornological Lie algebra homology. On the gl(A) = lim gl,,(A), this is essentially
Lie algebra homology defined in terms of Grothendieck’s completed inductive topo-
logical tensor product, rather than the more standard projective tensor product.
Due to the fact that this tensor product is compatible with the ubiquitous direct
limit arguments in the proof of the LQT theorem, this appears to be the most
natural framing for a topological LQT theorem.
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Note that in [§], a result for the continuous cohomology of gl(C*°(M)) for closed
manifolds M is stated, but lacking a full proof. They state that the jointly con-
tinuous cohomology is freely generated by the continuous cyclic cohomology of the
algebra; complementary to that, our result is that the bornological homology is
equal to the topological completion of this freely generated space. While we cannot
disprove their claim outright due to the difference in continuity notions, it seems
likely that also the statement in joint continuity should include such a completion,
as the generators contain infinite-dimensional components.

We begin by laying out the foundation of this study: we recall in Section
and 3| the definition and important properties of topological vector spaces, e.g.
Fréchet and LF-spaces, their associated topological tensor products, and bornologi-
cal homology theories for associative algebras. In particular, we prepare statements
about the Fréchet algebra A = C°°(M) and the LF-algebra A = C2°(R"™) and prove
that the Hochschild and cyclic differentials are topological homomorphisms in these
cases.

In Section[d] the algebraic LQT-Theorem is extended to bornological Lie algebra
homology and (homologically) unital Fréchet algebras in Theorems and
In essence, this requires tracking through the algebraic proofs and making sure
that all algebraic isomorphisms lift to topological isomorphisms in the respective
topologies and on the completions of the tensor products. As an application, in
Corollary [£.11] we fully state the bornological Lie algebra homology of gl(C*°(M)) =
ligg[n(Co"(M)) and gl(C*(R™)) = hﬂg[n(Cfo(R”)), both spaces equipped with
their respective direct limit topologies.

Lastly, in Section [5] we globalize our results to approximate the bornological Lie
algebra homology of gauge algebras I'(Ad P — M) for principal bundles P — M.
We restrict the calculations to when the fibre Lie algebra is gl,, (K), but the general
method is easily transferrable to other classical, simple Lie algebras. We construct
in Theorem [5.24]a spectral sequence which calculates this homology in stable degree.
This is parallel to a well-known construction by Gelfand, Fuks, Bott and Segal, who
have constructed such spectral sequences for continuous Lie algebra cohomology of
vector fields on a smooth manifold [9] [10].

Unfortunately, the entries of the second page of the spectral sequence can be
specified only in terms of a certain Cech homology of product cosheaves, which we
are unable to calculate and can only conjecture. This is due to the lack of a Kiinneth
theorem in the cosheaf-theoretical setting. Assuming this conjecture, however, this
spectral sequence yields a unified approach to compute low-dimensional bornolog-
ical cohomology of a large class of gauge algebras. An example of such results is
given in Corollary

A related approach is given in [I1], which does not consider continuous, but local
Loday-Quillen-Tsygan Theorems, in the language of factorization algebras.

2. TOPOLOGICAL VECTOR SPACES, BORNOLOGIES, AND TENSOR PRODUCTS

2.1. Preliminaries and definitions. We want to begin by collecting some defi-
nitions and results regarding topological vector spaces and their tensor products.
For a more detailled discussion, we direct the reader to [12], [13], [14].

Fix, once and for all, a topological field K containing the rational numbers. All
vector spaces and algebras in the following will be over K unless specified otherwise.

Definition 2.1. Let V be a vector space.
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i) We call V' a topological vector space (TVS) if it is equipped with equipped
with a topology in which addition V' xV — V and scalar multiplication V' x
V — V are continuous with respect to the according (product) topologies.

ii) We call V locally convex vector space (LCTVS) if it is a TVS which is
Hausdorff and in which every point has a neighbourhood basis consisting
of convex sets.

iii) We call V' a Fréchet space if it is a metrizable and complete LCTVS.

iv) We call V an LF-space if it is the inductive limit of a countable direct system
of Fréchet spaces (V;,)nen, equipped with the inductive limit topology.
Additionally, it is a strict LF-space if the maps V,, — V,, in the direct
system (for m > n) are topological embeddings.

In both cases, we write this as V =1lim V,,.

v) We call V' a topological algebra if it is a TVS with a continuous multiplica-
tion p: V x V — V that makes V into an associative K-algebra.

vi) We call V' a topological Lie algebra if it is a TVS with a continuous bracket
[,]: V xV — V that makes V into a K-Lie algebra.

Remark 2.2. We will mix and match with the above terms when useful; for exam-
ple, we will work with topological algebras where the underlying TVS is Fréchet
or an LF-space. Then we will simply call it a Fréchet algebra or an LF-algebra,
respectively.

Example 2.3. Let M be a smooth manifold. Our main Fréchet space of interest
will be the space of smooth functions on M, denoted C>°(M). It is well-known to
admit a topology that makes it into a Fréchet space.

This topology is sequential, and a sequence (f, € C*°(M)),en converges to
f € C®(M) if and only if all (locally defined) derivatives of the f, uniformly
converge to the derivatives of f on all compact sets K contained within charts. The
standard pointwise multiplication is easily shown to be continuous with respect to
this topology, making it into a Fréchet algebra.

Straightforwardly, these considerations can be extended to give the space of
sections I'(E') of a finite-dimensional vector bundle E — M a Fréchet space struture,
but, in general, with no available algebra structure.

Example 2.4. An important LF-space for us will be gl(K) := lim gl,, (K). Since all
gl,,(K) are finite-dimensional, they admit canonical Fréchet space structures, and
they make up a direct system via the inclusions gl,,(K) — gl,,(K) for n < m.

The Lie brackets are compatible with these inclusion maps, and one can show
that the arising Lie bracket on gl(K) is continuous with respect to the LF-topology.

2.2. Topological tensor products. In contrast to the finite-dimensional case,
tensor products become very delicate in infinite dimensions. Certainly one always
has the algebraic tensor product ® = ®g, but there are multiple non-equivalent
ways to equip this with a topology. For our purposes we will recall two such notions.

Definition 2.5. Let V, W be two LCTVS and consider the canonical map
P VXW=VeW.

i) The projective tensor product V &, W denotes the vector space V @ W
equipped with the strongest locally convex topology such that ¢ is contin-
uous.
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ii) The inductive tensor product V ®, W denotes the vector space V @ W
equipped with the strongest locally convex topology such that ¢ is separately
continuous, meaning ¢(v, -) and ¢(-,w) are continuous for all v € V,w € W.

iii) The bornological tensor product V ®g W denotes the vector space V @ W
equipped with the strongest locally convex topology such that ¢ is bounded,
meaning if B C V' x W is bounded, then ¢(B) C V ®@g W is, too.

Remark 2.6. The tensor products here should not be confused with the injective
tensor product, generally denoted by ®..

See [13, Chapter 3.6], [15, Chapter 1] for proofs of the existence of these tensor
product topologies and additional details.

In our setting, it suffices to work only with ®g, and we denote by V' RW =
V ®g W the completion of the bornological tensor product. We set no notation for
the completion with respect to other tensor products.

Topological tensor products appear to have somewhat of a bad reputation, and in
complete generality, they may well deserve it. However, in our setting, the categor-
ical properties of the tensor products are fairly pleasant, especially the bornological
tensor product:

Proposition 2.7. Let V., W,U be LCTVS.
i) [I2 Chapter 34.2, Chapter 43] [16, Chapter 5] If V and W are Fréchet,
then all separately continuous bilinear maps V x W — U are continuous,
Ve, W=2Ve W=VeggW,

and V ® W is Fréchet.
ii) [I7, Appendix A.1.4] If V and W are nuclear strict LF-spaces
V=V, W=IlmW;
then V ® W is a nuclear strict LF-space, and
Vo, W=VeyW, VW =1lm;dW,).
iii) 17, Prop 2.25] We canonically have
UaV)eW=U(Vaew), UsV=VaU.

Remark 2.8. Note that commutativity follows quite easily using the topological
isomorphism X x Y =Y x X. However, the associativity is not generally quite so
obvious: For general topological tensor products, the natural vector space isomor-
phisms between X ® (Y ® Z) and (X ® V) ® Z might not necessarily be continuous,
see [18].

Lastly, we have an exactness property of ®. The following is a consequence of
[19, Thm A1.6]:

Proposition 2.9. Let U, V,W and H be nuclear Fréchet spaces, and
05ULVEW =0

an exact sequence, in the sense that f and g are continuous and linear, f is injective,
g is surjective, and imf = ker g.
Then

0=UH ' veun2'wan o

is exact in the same sense.
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3. BORNOLOGICAL HOCHSCHILD AND CYCLIC HOMOLOGY

3.1. Preliminaries and definitions. In this section, we recall how to modify the
algebraic notions of Hochschild/cyclic homology to include topological informa-
tion. For a succinct presentation of the algebraic picture of Hochschild and cyclic
homology and certain topological modifications, we cite [20], [21], [22]. A related
discussion of the topological modifications also takes place in [23].

We lay no claim to originality within this section, with the exception of inves-
tigating the property of differentials to be topological morphisms; we will explain
this below.

Fix a field K. All algebras in the following will be K-algebras.

Definition 3.1. Let A be a topological algebra. The bornological Hochschild com-
plex of A with coefficients in itself is given by
Sk+1

HCY™(A) := @D HCi(A), HCi(A) = A®
k>0
where the differential is induced by the Hochschild differential, so
b: HCPO™(A) — HCPO(A),
n—1
blap @ -+ @ ay) I:Z(*l)ia0®"‘®aiai+1®"'®an

i=0

+ ()" a0 ®ar © - @ ap1.
The homology of this complex is called the bornological Hochschild homology of A
and denoted HHPo™(A).

Remark 3.2. A reader who is less familiar with bornology may instead be inter-
ested in replacing ®g with, say, the completion of ®, or ®, rather than R = ®g,
to get something which could reasonably be called (jointly) continuous or sepa-
rately continuous homology. Due to Proposition this is possible whenever A
is, respectively, Fréchet or a strict LF-space. These cases will be studied further in
Section [4l

Remark 3.3. Note that for nonunital algebras A, the above definition is the borno-
logical version of what, in [20], is called the naive Hochschild homology. This does
not necessarily agree with the “correct” version of Hochschild homology. However,
in our applications, all algebras will be (bornologically) H-unital, a term we define
later on, which suffices for both notions of Hochschild homology to coincide.

Definition 3.4. Let A be a topological algebra. The bornological Connes complex
of A is given by
P (A4) = @ ONPI(A), CYPR(A) = HOE™ (A, Ay,
n>0
where the action of the generator 7 € Z/(n + 1)Z on HCP°™(A) is given by cyclic
permutation, meaning
T (ap® - Qap):=(-1)"a, ®ag Q- Ran_1 Vag,...,a, € A.

The differential of this complex is induced by the Hochschild differential, which
factors through to this complex.
The homology of this complex is called bornological cyclic homology.
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Like in the algebraic setting, we will show the compatibility with an alternative
definition of cyclic homology, in terms of the following double complex, see [20}
Chapter 2]:

Definition 3.5. Let A be a topological algebra. The bornological cyclic double
complex C’C’Pf;m(A) of A is given by
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Here:
e b is the Hochschild differential as in Definition [3.1]
o b : AB"" 5 A®" is the bar differential, which is defined as the Hochschild
differential without the last summand, so
n—1
V(ag @ @ap) =Y (—1)'ag® -+ ® aiai41 ® -+ @ ap,

i=0

7 is the cyclic permutation as in Definition |3.4}
o N:A® — A® is the norm operator, defined as

Ni=14+74+724 ... 0L

All squares anticommute, and we denote the total complex by CCPo™(A), also
called the bornological cyclic complex of A.

Completely analogously one defines the cohomological bornological Hochschild,
Connes, and cyclic double complexes, by taking the continuous dual of all spaces
in the above. We respectively denote them by

Hcl.)orn (A7 A)v C;,born(A)v OC.V' (A)

born
Proposition 3.6. Let A be a topological algebra and Q C K
Define the map of homological complexes
OCPOHI(A) N C;\,born(A)

as the canonical quotient on the zeroeth column, and as the zero map everywhere
else.
Define also the map of cohomological complexes

C;,born(A) — Cct.)orn(A)

as the canonical inclusion into the zeroeth column.
Both maps are quasi-isomorphisms, i.e. chain maps which reduce to isomor-
phisms of abelian groups on homology.
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Proof. Restrict first to homology, and consider a sketch of the algebraic case, see
[20, Theorem 2.1.5]. There, one constructs homotopy operators h’, h on every row
of the algebraic double complex CC, o(A), fulfilling

N+ (1—7)h=id = Nh' +h(1 - 1),

showing that, all rows are acyclic in nonzero degree, and degree zero homology of
the n-th row equals the algebraic cyclic complex C(A). This shows the algebraic
case.

Now, all involved operators in [20, Theorem 2.1.5] are easily seen to be continuous
and hence extend to the respective topological completions, hence the homotopy
argument extends to CCP™(A) and C3 born(A)-

The cohomological statement follows identically by dualizing the above homo-
topy operators. O

If A is additionally unital, there is another complex which calculates cyclic ho-
mology:

Definition 3.7. Let A be a unital topological algebra. The bornological (b, B)-
double complex BLY™(A) of Ais defined as

Here
e b is the Hochschild differential,
e B is the Connes operator, defined as

B =(1-r7)sN,
with 7 the cyclic permutation, N the norm operator (see Definition [3.5))
and s is the extra degeneracy, defined as

s: A% 5 A" 49 QA 1®a @ ®ay.

All squares anticommute, and we denote the total complex by BPo™(A).

Proposition 3.8. Let A be a unital topological algebra. Then the B2°™(A) and
CCP°™(A) are continuously homotopy equivalent.

Proof. Similar to the proof of Proposition [3.6] one builds homotopy operators by
compositions of the continuous operators N, s, (1—7), thus the well-known algebraic
homotopy equivalence lifts to a topological one. See [21, Proposition 3.8.1.] for
details. [
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3.2. Closed range theorems. In the following we will need to understand whether
the range of the differential of the cyclic complex is a topologically closed subspace
of the complex. This condition makes the complex more well-behaved, in the sit-
uation of Fréchet spaces turning all differentials into topological homomorphisms,
and allowing for the use of a Kiinneth formula.

In this subsection, we will only consider Fréchet spaces, so we may always think
of ® as the closure of the projective tensor product due to Proposition

The following statement due to Serre is occasionally helpful:

Theorem 3.9. [24, Lemma 2] Let d : A — B be a continuous, linear map of Fréchet
spaces. If d(A) is cofinite-dimensional in B, then d(A) is closed and complemented.

We cite the following Theorem from [25, Corollary 5.3], a rudimentary version
of which was already given in [26].

Theorem 3.10. Let A, B be chain complexes of nuclear Fréchet spaces, bounded
from below in the sense that

If the differentials of both complexes have closed range, we have an isomorphism
of TVS
H.(A® B) = H,(A) & Ho(B).

Note that in the above situation, H,(A & B) is again canonically Fréchet, and
thus the differential of A ® B has closed range. Hence we can iterate this formula:

Corollary 3.11. If Aq,..., A, are finitely many complexes of nuclear Fréchet
spaces, and all differentials have closed range, we have

He(A1® @A) 2 Hy (A)® - @ Ha (Ay) .

However, there does not seem to be a simple argument for why the Hoch-
schild/cyclic differentials should have closed range in large generality.
In the cases that interest us, we can make use of the following easy proposition:

Proposition 3.12. Let (C,,d¢), (Ds,dp) be complexes of Hausdorff TVS, and let
there be a continuous quasi-isomorphism ¢ : Cy — D,.
i) If dp has closed range, then d¢ has closed range.
ii) If Cy and D, admit a continuous homotopy equivalence, then d¢ has closed
range if and only if dp does.

Proof. i)
Since the range of dp is closed and fully contained in ker dp, the projection
kerdp
:kerd T Ho D.
m : ker DHImdD[—l] (D)

is a continuous, linear map of TVS. Denote by ¢ the continuous, linear map arising
from the composition

ker d¢ f) kerdp = H,(D,).

Since ¢ reduces to an isomorphism on homology and Imdc C ker f, we must
have Im do = ker ¢, hence Imdg is the kernel of a continuous, linear map. Since
all involved spaces are Hausdorff, this kernel is closed, and we are done.
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i1) This follows from i) since a continuous homotopy equivalence of chain com-
plexes induces continuous quasi-isomorphisms in both directions. ([

Proposition 3.13. |14, Theorem 26.3] If ¢ : E — F' is a continuous linear map
of Fréchet spaces, its range is closed if and only if its transpose ¢* : F’* — E* has
closed range, where E* and F™* denote the respective strong duals of £ and F.

Corollary 3.14. Let A be a Fréchet algebra.

i) The differential of the Connes complex Ca""°™(A) has closed range if and
only if the differential of CCP°™(A) has closed range.
ii) If A is unital, then all differentials of the complexes

CP(A), COLNA), B (A)
have closed range if and only if a single one of them does.

Proof. i) If Ca""°™(A) has closed range, then the quasi-isomorphism from Propo-
sition together with Proposition shows that CCP°™(A) has closed range
as well.
On the other hand, if CC2°™(A) has closed range, then by Proposition so does
the cohomological complex CCp, . (A) since all spaces in the homological total com-
plex are Fréchet and all differentials of the cohomological complex are induced by
dualization.

Again Propositionsandshow that the cohomological complex Cf ., (A)

has closed range as well. By Proposition this extends to Co™”°™(A), which
shows the equivalence.
ii) This follows from i) and the continuous homotopy equivalence in Proposi-

tion B.8] O

3.3. The case of smooth functions. The most important algebra in our context
is A = C*°(M), the algebra of smooth functions on a smooth manifold M with
its standard Fréchet structure, see for example [12, Chapter 10.1] for details. The
following theorem on its bornological /continuous Hochschild homology with coeffi-
cients in itself its well-established, see [22] for the cohomological proof when M is
compact, and [27], [28] for extensions to the noncompact case.

Theorem 3.15. Let M be a smooth manifold (possibly with boundary). Equipping
the Fréchet space of forms Q® (M) with the zero differential, the map

HCE™ (C(M), 0% (M) > 9° (M),
fo® @ furr fodarfr Ao Ndarfn Vi € CF(M)
s a quasi-isomorphism.

The calculation of bornological cyclic homology of C*°(M) builds on the above
fact and is also well-established. We will state it here together with the additional
information that the differential has closed range.

Theorem 3.16. Let A = C°°(M) with its standard Fréchet space structure. Then
_ ()
N ddRanl(M)

and the differential of the Connes complex Co"**™(C>(M)) has closed range.

HT)L\,born(Coo(M)) @HSF;Q(M)@HSPTLL(M)@---
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Proof. The first statement is proven, for example, in [21, Example 3.10.1], and
we sketch the proof. The isomorphism from Theorem [3.I5] induces continuous
chain map from the bornological (b, B)-double complex of C*° (M) to the following
complex of Fréchet spaces:

o
«—
o .
%
o

Q2(M) +— (M) +— Q°(M)
J{O 0
3 Q1 (M) e QM)
0
()

This map is compatible with the differentials, and if we filter both double complexes
by their columns and consider the induced spectral sequences, the map descends
to an isomorphism on the first page. Thus, by the spectral sequence comparison
theorem (see [29], Theorem 5.2.12]), the original map is a quasi-isomorphism of the
total complexes. Then the calculation of bornological cyclic homology of C*° (M)
follows from the easy calculation of the total homology of .

[30, Proposition 5.4] states that the de Rham differential associated to a smooth
manifold has closed range, hence also the total differential of the double complex
(3-1). Thus, by Proposition so do the differentials of the total complex of the
bornological (b, B)-double complex, and by Corollary also the differential of
C2(A). This proves the statement. O

3.4. The case of compactly supported functions. In preparation for results
about compactly supported gauge algebras, we want to establish some properties
of algebras related to compactly supported functions. Specifically, recall that one
generally defines the topology of C°(R™) as a direct limit:

For every compact K C R"™, define the Fréchet subalgebra

CRR") :={feC®R") :supp f C K} C C*(R").

~ Denote by D,(0) C R™ the closed disk of radius r around 0. Then the inclusions

D,.(0) € D,.(0) for ' > r induce a direct system {CB (0)(R™)}r>0 with

CZ(R") = lim CF ) (R™).

All spaces within this direct system are Fréchet spaces, so if one equips C°(R™)
with the inductive limit topology, it is a strict LF-space. We will avoid working
with this LF-space directly and just work with the underlying Fréchet spaces, since
homology and & commute with direct limits on strict LF-spaces.

However, we want to remark that the LF-algebra C°(R™) itself also has good
properties with respect to bornological homology theories, see [31].

From here on, set D := D;(0) C R™. We first cite the following important
factorization result from [32], Theorem 3.4]:
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Theorem 3.17. The Fréchet algebra C% (R™) has the bounded strong factorization
property: For every bounded set B C C(R™), there is a z € C%(R™), a continuous
linear operator T : Cx (R™) — C¥(R™) and a sequence {¢p}n>1 C CF(R™) with

z-T(x) ==, T(a:):li_}m on-x V€ B.

Remark 3.18. Note that in [32] Def 1.1], the definition of the strong factoriza-
tion property is stated slightly different, and weaker in one particularly impor-
tant aspect: They require that for every x € B, the element T(x) must be con-
tained in C%(R") -z, the closed ideal generated by z. This, too, would imply
T(z) = lim,— o ¢y, -  for some ¢, but the choice of ¢, may depend on z.

The stronger statement that the ¢, can be chosen independent of z is also
true, as seen in the proof [32, Proposition 2.7] which is used to prove the above
theorem. This goes unstated in our cited material, but is important not only for
our application, but also for other users of this material such as [33], Proposition
3.4], [34, Theorem 7], [35, Theorem 6.1].

Corollary 3.19. For all f € C%,((R™)*), there are g € C¥(R™), h € CX, ((R™))
with

flz1,...,xx) = g(x1) - h(z1,...,25) VYa; €D,
so that if f in the above is a cycle in bar homology, so is h.

Proof. Since C%, ((R™)*) = (C’%O(R"))@k, [12] Thm 45.1] implies that we can rep-
resent every f € C%,((R™)*)) as a certain series, i.e. there are null sequences
{1zt {fn>1 € Cy(R™) and a sequence of complex numbers {\,}n>1
with 3°°°  [\,] < 1, so that

f:Z)\nff@@f;:’
n=1

where the sum is absolutely convergent as a series of Fréchet space elements, mean-
ing that for a generating sequence of seminorms {p; };>¢ of the topology of C%y (R™),
the following real-valued series converges for all iy,..., 9, > 0:

n=1

Since the set {f'}n>1 is convergent, it is bounded, and we can apply The-
orem to get a continuous operator T : C¥(R") — C¥(R™), a function
g € C¥(R™) and a sequence {¢m, }m>1 € CF(R™) with

fir=9-Tf, Tff=77}i£nm¢m'f? Vn € N.

By continuity of T the sequence
h=Y AT ff
n=1

is also absolutely convergent and thus defines an element in C%, ((R™)*). Thus
flxy, ... zn) = g(x1) - h(x1, ..., 2,) for all z; € R™.
Additionally, if f is a cycle in bar homology, then, since the bar differential b’ is
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continuous and C¥ (R™)-linear with respect to multiplication in the first tensor
argument, we have

lim b'((¢m f1) @+ @ fi1) = Tm_ ém - V(T @ @ ff).

m—r o0 m— 00

But then o' (h) = limy, 00 @m - O'(f), so if f was a cycle in bar homology, so is
h. This concludes the proof.
(Il

Corollary 3.20. The bornological bar complex of C% (R™) is acyclic.

Proof. In the notation of Corollary every bar chain f € CP*(C%¥(R™)) fulfils
f=V(g®h)+gx(h), with ¥(f) = 0 implying b'(h) = 0. This shows the
statement. O

Proposition 3.21. From Appendix [B] recall the space
08.:(D,0D) := {w € Q*(D) : (j>w)|,, = 0} C Q*(D).

Equip Qf,,(D, 0D) with the zero differential, then the quasi-isomorphism on the
bornological Hochschild complex

HC?™(C>(D)) — Q*(D)
from Theorem [3.15| restricts to a quasi-isomorphism
HCX™(CF (R™) = Q0 (D, D).

Proof. In the sense of [36, Section 2], the bornological Hochschild complex of
the subalgebra C¥(R™) C C*°(D \ dD) is locally isomorphic to the bornologi-
cal Hochschild complex of C*°(D \ D). But then [36, Prop 2.2] shows that the
Hochschild homology of C¢(IR™) is, via the above morphism, isomorphic to the sub-
algebra of differential forms of Q°*(D \ D) generated by the functions in C% (R"™).
But this is exactly Qg (D, 0D). O

We investigate this flat de Rham complex more in Appendix [B] From the results
there, we conclude the following:

Theorem 3.22. The differential of the bornological cyclic complex of C%(R™) has
closed range and

OITL/ 00 /oM Qka D,0D
Ao (g () = —a(D,0D)
dar$2:-X(D,dD)

flat

® HE2(D,0D) @ HE-4(D, D) & ...

where the relative homology denotes relative singular homology.

Proof. By Lemma the differential of Qf_,(D,0D) has closed range, thus the
quotient map

is a continuous map of Fréchet spaces.
Composing the quasi-isomorphism HCZ™(C%¥ (R™)) — Qf..(D,dD) from Pro-
position [3.21] with this quotient map allows one to construct a continuous map of
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double complexes from CCLY™(Cy(R™)) to the following:
(3.3)

j

0% . (D,dD)
Tt (D.0D) 0 HZ,(D,0D) ¢—— 0 —— HZ(D,0D) +—— ...

|

Q0 (D,8D) 1 1
dde;Zgat(D,E)D) 0 Hsg(DvﬁD) —— 0 «—— Hsg(D7aD) — ...

|

Q44 (D,0D) «—— 0 «—— HY(D,dD) «—— 0 «—— HY,(D,0D) +— ...

All differentials in (3.3)) are set to zero. By Lemma, HE(D,dD) is either

Qr (D,0D)
7Zero or 1 ——flat o)
ero or equal to dan 0" —T(D.0D)

map suffice to construct the indicated map of double complexes.

Calculate the spectral sequence of CPY™(C(R™)) arising from filtration by
columns. By Proposition and Corollary the first page E}’® contains
0, (D,0D) in even-numbered columns and 0 in odd-numbered columns, so we
have E}* = E3*.

By unravelling the connecting homomorphisms using the homotopy equation in
the proof of Corollary [3.20] and the construction of the elements in the equation
from Corollary one can explicitly spell out the differential on the second page,
showing that the nontrivial differentials Qf,,(D,0D) — Qa1 (D,dD) are equal to
the de Rham differential.

The cohomology of this flat, relative de Rham complex is equal to relative sin-
gular homology, see Lemma [B:I] Hence the third page of the spectral sequence is
exactly equal to the double complex (3.3). Hence the map of double complexes we
constructed is an isomorphism between the third pages of the spectral sequences.

By the spectral sequence comparison theorem [29, Theorem 5.2.12], this implies
that the original map of double complexes is a quasi-isomorphism of the total
complexes. This calculates the bornological cyclic homology as stated.

Lastly, since the total differential of the double complex is zero, it is closed,
and hence the differential of the total complex CCP°™(C% (R")) has closed range
by Proposition This concludes the proof. O

Corollary 3.23. We have for all £ > 0
QR
dar Q2 (R)
where H JRVC(R”) denotes compactly supported de Rham cohomology of R™.

Proof. This follows from Theorem by taking the direct limit C°(R") =

li_r}n C%O ©) (R™), since homology, the cyclic action, and the bornological tensor prod-

uct commute with strict direct limits, and
QR 00 (Dr, 0D,(0))
darQE TR 7 dapQi—1(D,(0), 0D, (0))

for all K > 0, so the zero map and the quotient

HYPom(C2 (RY)) o Hiz2(R") & High (R @ ..
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d

Remark 3.24. In preparation for what follows, we want to note that the above
methods generalizes to finite, topological direct sums of copies of C'%(R™), meaning

fybarbom (@ cg(R")) =0, H}O™ (@ Cf;’(R”)) =~ P H (CHR™)).

=1 =1 1=1
4. LODAY-QUILLEN-TSYGAN THEOREMS FOR FRECHET ALGEBRAS

In this section, we want to extend the classical Loday-Quillen-Tsygan theorem
to the setting of certain topological algebras.

For a detailled exposition of the algebraic Loday-Quillen-Tsygan theorem, we
direct the reader to [20, Chapter 9 & 10], or, for an abridged version of the relevant
details, Appendix [A]

4.1. A general topological LQT-Theorem.

Definition 4.1. Let A be a topological algebra and n € N. Consider the topological
Lie algebra

gl (4) =gl (K) © A
whose Lie bracket is given by
l[g®@a,h@b]:=[g,hlg k) @ (a-b) Vg,hegl(K),a,bec A

For m > n, the inclusions gl,,(A) — gl,,,(A) define a direct system of Lie algebras,
and we can define

gl(A) = gl (4) = lim gl (4)

Remark 4.2. Note that all gl,,(A) for 1 < n < oo are finite-dimensional, so we can
equivalently write

ol (K)® A = gl,,(K) @5 A = gl,,(K) ® A.

If A is Fréchet, then all gl,, (K) ® A are Fréchet, so gl(A) is a strict LF-space. In
this case, since the bornological tensor product on strict LF-spaces is compatible
with inductive limits, we have

al(4) = lim(gl,, (K) ® 4) = gl(K) @ A.

Definition 4.3. Let g be a topological Lie algebra. We define bornological Lie al-
gebra homology of this g to be the homology of the bornological Chevalley-FEilenberg
chain complex

CPo(g) = (K L Alg L A2l ) ,

where A*g denotes the coinvariants of ®*g with respect to the action of the sym-
metric group X by antisymmetrization, and the hat denotes completion in the
bornological tensor product.

The differential is the extension of the Chevalley-Eilenberg differential to the
completion:

dlgi A+ Ngn) =Y (D) gi, gl AgL A+ Gi-Gi Agn Vgi € g.
i<j



16 LUKAS MIASKIWSKYT

Proposition 4.4. For every n € N and topological algebra A, the space gl,,(A)
admits an action by gl, (K). If A is unital, then the reduction to coinvariants

O™ (g, (A)) = G (al,, (A))gr, i)
is a quasi-isomorphism.

Proof. Clearly, gl,,(K) acts on gl,(A4) = gl,,(K) ® A by a tensor product of the
adjoint action and the trivial action.

Unitality of A implies that gl,(K) C gl,(A) exists as a subalgebra, and hence
gl,,(K) acts on the gl,(A)-cochains.

By Proposition the completed bornological tensor product is associative
and commutative, and if one of its factors is finite-dimensional, it agrees with the
algebraic tensor product as a vector space. Hence:

born ~ ®* @k
R (@l (4) = (a1, ()" @ 4% )

We know that since gl,,(K) acts trivially on A, and the finite-dimensional ten-
sor module g[n(K)®k is completely reducible, hence CP°™(gl,, (A)) is completely
reducible.

From here on, the proof is essentially identical to the proof in algebraic setting,
see [20, Prop 10.1.18]. Complete reducibility gives us

CE™ (g1, (4)) = CE™™ (g1, (A))gt, i) © Lo,

where L, is a direct sum of simple modules, all of which gl,,(K) acts nontrivially
on. Since the gl,,(K)-action commutes with the Lie algebra differential, this is even
a decomposition into subcomplexes.

We can further decompose L, = Zo & K,, where Z, = Lo Nkerd, and K, is a
module-theoretic complement of Z, in L, so that both Z,, K, are direct sums of
simple modules. Clearly, Hq(Le) = He(Zs).

A simple gl,, (K)-module M C Z, is generated by any of its elements that g, (K)
acts nontrivially on. As a consequence, every element of L, is of the form X -c € Z,
for some cochain ¢ € Z, and X € gl(K).

We further have, for all X € gl,(K) and ¢ € Co(gl,,(A)) the homotopy equation

X -c=d(X Ne)+ X Nde.

Hence every element of Z, is of the form X - ¢ = d(X A ¢), so a boundary. This
shows that Z, and L, are acyclic, and the proof is done. (I

Corollary 4.5. If A is a unital Fréchet algebra, then
HE™ (gl(4)) = H, (EB (kizi ®4%") ) :
k k

Proof. The tensor product ® commutes with direct limits on LF-spaces by Propo-
sition 271

(i) = (al)% 05 4%")

I ®k' @k I I born

= limy (a1, (K)*" @ A%") = lim Op°"(,(4))
By Proposition the reduction to coinvariants

OO (g1, (A)) = O™ (gl (A)) gt 10
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is a quasi-isomorphism for all n € N.
From the case A = K considered in Propostion we get, for n > k, the
isomorphism
~k =~k
o (1, (A)) g, 10 = ((grnaK)@’“) ® 4° ) = (K] @ 4%")
gl,, (K) bl
Finally, since homology commutes with direct limits, and as every graded com-
ponent, of CP°™(gl,,(A))g1, (k) becomes constant at some point in the direct limit,

we get the following chain of isomorphisms:
HU™ (gl(A)) 2 lig H.°™ (gL, (A))

~ ligH.(Clwm(gln(A))gln(K)) >~ H. (@ (K[Zk] ® A®k)2k> .

k

Yk

O

Hence we may work with the latter complex instead, which is in some sense
simpler: Since all X, are finite groups, it is a complex of Fréchet spaces. A drawback
is that the differential on this subcomplex is more difficult to describe. Regardless,
we have the following:

Proposition 4.6. Let A be a Fréchet algebra. The isomorphism of chain complexes

0:A°C)_,(A) - P (K[Ek] ® A®k>

5
keEN k

from Proposition [A-3] extends to a continuous isomorphism of chain complexes

0 At (a) - @ (K[si] @ 4%)

.
keN k

Proof. By definition of #, we can decompose
AL =D D Zo,
k>1[0]CSk

where the direct sum over [o] is carried out over all conjugacy classes [0] € X, and
Z|5) the span of all elements [ui] A~ -+ A [u,] € A*C3_; (A) with

Arefo]: 0wl A A ) =@ (11 @+ Ru,)].

For each k > 1 and conjugacy class [0] C Xy, choose a representative o in cycle
decomposition

0’:(1 “e kl)o(k1+1 e k2)o...o(k’r71+1 .. k’l‘)

Then, on Z,), the map 6 arises from the continuous map

A SR @AY, 1@ Qe o®a ®- - 8 ax,

by composition with the quotient map
K2 ® A%" — (K[Ek] ®A®k> ,
Sk
factoring through the kernel, and then restricting to the direct summand Zj,) in

the kernel. All these properties keep continuity intact, so  is continuous on every
Z[O’] .
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Also, for every conjugacy class [o] C X, the restriction 9| Zu Zio) = 0(Z14))

admits a continuous inverse, induced in the same way by a map
Klo]] ® A%" = 4%, (7701) ®a1® - @ ag = ar0) @ @ arry.

The above assignment defines a continuous map due to the finiteness of [o]. Since
both # and its inverse are continuous, they extend to continuous maps between the
completions of their respective domains and codomains, and these extensions still
compose to the identity.

Thus, these extensions are isomorphisms of chain complexes, proving the state-
ment. U

Corollary 4.7. Let A be a unital Fréchet algebra. There is a continuous quasi-
isomorphism

CL (gU(4)) > A (4),
Corollary [3.T1] then finally implies:

Theorem 4.8. Let A be a nuclear unital Fréchet algebra, and assume that the
differential of the bornological cyclic complex Ca-"*™(A) has closed range.
Then we have, for all ,n € N withr+1<n
Y™ (gL, (4)) = (A HXY™(4))

and
HE(gl(A) 2 A*HRP™ (4)

Remark 4.9. Note that the only place where it mattered that we used gl(A) rather
than any of the other limits of classical simple Lie algebras sl(A), sp(A) or so(A)
was in the coinvariants for the tensor modules gl(K)®".

We will not explicitly present this, but we do want to remark that one can gain
statements analogous to Theorem [L.§] for these other Lie algebras with very little
modification, save that one occasionally may need to replace cyclic homology with
the closely related dihedral homology, which we have not defined here. We direct
the reader to [20, Chapter 9 & 10] for a detailled discussion of the algebraic setting.

Lastly, these results extend to certain non-unital algebras as well. Specifically, in
the algebraic setting one can weaken the assumption of unitality to H-unitality, a
property which is defined as the acyclicity of the algebraic bar complex of A, see [37]
for a proof in the finite-dimensional setting and the preprint [38] (supplementing
the publication [39]) for an explicit generalization to infinite-dimensional algebras.

We give a detailled proof of the following statement in Appendix [C}

Theorem 4.10. Let A be a nuclear Fréchet algebra, and assume that the differential
of the bornological cyclic complex Cf"bom(A) has closed range. Additionally, assume
that A is bornologically H-unital, i.e. the bornological bar complex CP2*-Porn(A) s
acyclic.
Then we have, for all r,n € N with 2r + 1 < n:
HY™(g1,(4)) = (A*H2Y™(4))

and
HPorn(g[(A)) ~ AoH.)\,_blorn(A)
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Since the proof in Appendix [C] is quite lengthy, we give a rough sketch of it
here: The complex C2°™ (gl (A)) can be decomposed into isotypic components
with respect to the action of gl,,(K). In the unital case, we have seen that only the
invariant component contributes to homology.

In a similar vein to the proof of Proposition one constructs a morphism of
every component to a certain complex involving combinations of the bar complex
and the Connes complex of A, see the construction of ¢ in [38, Theorem 3.1]. As
one takes the direct limit n — 0o, these morphisms become stable isomorphisms. In
every isotypic component in which the bornological bar complex appears nontriv-
ially, the acyclicity of the bornological bar complex forces the whole component to
become acyclic; this leaves only the invariant component to contribute to homology,
and this component is related to the cyclic complex exactly as in the unital setting.

4.2. Application to A = C*°(M) and C*(R™). We now apply the results of the
previous section to the case when A equals some spaces of smooth functions.

Corollary 4.11. Let M be a smooth manifold, we have
Y™ (@U(C(M))) = A HIPom (€ (M),
HE™ (QUCR(R™)) = A HYP™ (O3 (R™).

Proof. We have established in Theorem that the closed-range assumption of
Theorem holds for the nuclear Fréchet algebra C'°°(M), so the first isomorphism
is shown.

Further, we have shown in Corollary and Theorem that the C (0)(R")
are bornologically H-unital and fulfil the closed-range assumption of Theorem
This shows

Hi)om(gl(c%or(o) (R™))) = A.H;\Lbfm(c%or(o) (R™)).

Now, homology and & commute with direct limits, and so we have
HE™(gl(C22 (R™))) = Ty HE™ (9U(C ) (R™)))
= lim A*HJTP™(CF ) (R™)) = A*HP™ (O (R™)).
O

5. BORNOLOGICAL HOMOLOGY OF NONTRIVIAL GAUGE ALGEBRAS

Now, let M be a finite-dimensional, smooth manifold, H a finite-dimensional Lie
group with associated Lie algebra h, and P — M a principal H-bundle. Consider
the adjoint bundle AdP := P xXaqb.

We would like to understand the bornological Lie algebra homology of the com-
pactly supported gauge algebra I'.(Ad P). For small open sets U C M, sections
of Ad P!U — U can be identified with h ® C*(U). As a consequence, for simple
classical Lie algebras b, the methods of the previous section allow a calculation of
the stable part of bornological homology HY°™(h @ C>(U)).

By employing local-to-global methods as in the spectral sequence calculus de-
veloped in [9], we will be able to deduce information about H?°™(I'.(Ad P)) from
this local data. As a model of the more general case, we will only consider the case
h = gl,,(K) for some 1 < n < o0, as this connects directly to the methods from
Section [l
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The methods of the following section are not exclusive to gauge algebras: In
more generality, the following methods can be applied to calculate bornological
Lie algebra homology of I'.(A) for any Lie algebroid A — M, assuming that the
bornological Lie algebra homology of I‘C(A|U) can be calculated whenever U is a
small disk over which A trivializes,.

5.1. Cosheaves of Lie algebra chains and diagonal homology. Fix in this
subsection a smooth, locally trivial Lie algebra bundle X — M with finite-dimen-
sional fibre gl,,(K) for some 1 < n < co. Whenever we speak of (pre-)cosheaves in
the following, we think of them as valued in the category of abelian groups as in
Appendix [D] but this is largely unimportant.

We first introduce some notation: Define for a compact K C M the closed
Fréchet subspace

I'k(K):={seT(K):supps C K} Cc T'(K).

Then, given any compact exhaustion {K,} of M, the topology on the compactly
supported section space arises from the direct limit topology I'.(K) = lim I're,, (K).
It is well-known that if we have two vector bundles A, B — M, then

(5.1) N(A)®T(B) ¥T(AX B),
where AKX B := priA® prsB — M x M denotes the exterior tensor product of
vector bundles, see for example [12, Thm 51.6] for the statement in trivial fibres.
Then, using Proposition 2.7}
Pe(0)®" 2 lim e, (K)®" 2 T T, ere, (KF) 2 T ().
This justifies the following definition:

Definition 5.1. We define, for every k > 1 the precosheaf By (I'.(K),-) over M*,
assigning to an open set U C M* the set

Byu(To(K),U) = To(KE"| ).

The precosheaf map I'o(KE" o) = FC(ICW|
defined via extension by zero.

) associated to the inclusion U C V' is

Remark 5.2. From this definition and the previous isomorphism, we get the borno-
logical Lie algebra complex via restricting to global sections and X-coinvariants,
i.e. for all kK > 1 we have

CRO™(Te(K)) 2 (Br(Te(K), M))s,.

Note in particular that we set the zero degree part to zero, so we think of By as
a reduced complex.

Since the precosheaf By (K, ) arises from the compactly supported sections of
a soft sheaf (given by the sections of a smooth vector bundle), Proposition
implies:
Lemma 5.3. For every k > 1, the precosheaf By(T.(K),-) over M* is a flabby
cosheaf.
Definition 5.4. Let £ > 1 and ¢ > 0 be integers. Define the ¢-th diagonal in Mk

vVia

Mf ={(z1,...,2) e M. Hz1, ..., 2p ] < g}
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Remark 5.5. The ¢-th diagonals interpolate between the well-known notions of the
thin diagonal

ME = M ={(z,...,2) € M*},
and the fat diagonal
ME = MF_ = {(z1,...,2) € M 2 i # j stz =25}
We have a chain of inclusions:
=My cMfcC---CMf_,CMf=M"

Definition 5.6. Let k,¢ > 1 be integers. Define the precosheaf AyBy(IC, -) on Mé“

as follows: For every open set V C Mcf, define

AyBy(Te(K), W) := lim By(Le(K),U)/Bi(Te(K),U N (M*\ My)).

Uow

Here, the projective limit is taken over all open U C MP* containing W, and the
limit maps are induced by the extension maps ¢}; of the cosheaf By (I'.(K),-) for
U C V. The precosheaf maps are induced by the ones of By (I'.(K), ).

Equivalently, A, By (I'.(K),V) denotes the compactly supported sections of the
sheaf of holonomic germs of I'(K) along V' C Mtf. Thus AgBk(I':(K),-) equals
the precosheaf of compactly supported sections of a soft sheaf, so Proposition
implies:

Lemma 5.7. For all integers k,q > 1, the precosheaf AyBy(T.(K),-) on Mé“ s a
flabby cosheaf.

Definition 5.8. Let k, ¢ > 1 be integers, and U C M open.
We define a precosheaf A,Cy(I'.(K),-) on M, the g-diagonal k-chains of T'(KC):

A Cu(Te(K),U) = (AgBr(Te(K), U N M), -

Remark 5.9. The g-diagonal chains can be viewed as a quotient of the usual
bornological complex, i.e. for every k,q > 1 there is a natural projection

CRM(Te(K] ) = AgCi(Te(K), U),

and the Lie algebra differential factors through to a well-defined differential on this
new complex.

5.2. Cosheaves of compactly supported differential forms. Fix a smooth
manifold M of dimension n, and some k € Ny with 0 < k < n.

Definition 5.10. Define the precosheaves QF and Z*, respectively given by assign-
ing to an open U C M the compactly supported k-forms QF(U) and

N 1 (%)
2y = darQETH(U)

The extension maps of QF are induced by the extension of compactly supported
forms by zero. They induce the extension maps on the quotient Z*.

We find:
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Lemma 5.11. The precosheaves Q¥ and Z* over M are cosheaves. Further, QF is
flabby and Z* admits the flabby coresolution

(5.2) 00 =0l ... 0F 5 7ZF 50,

where the last nontrivial map is the canonical quotient map, and the other nontrivial
maps are given by the de Rham differential.

Proof. The QF are flabby cosheaves by Proposition since they arise as the
precosheaf of compactly supported sections of the soft sheaf of differential forms on
M.

The de Rham differential induces a cosheaf morphism Q%=1 — QF whose cokernel
precosheaf equals exactly Z*, and cokernels precosheaves of cosheaf morphisms are
automatically cosheaves [40, Chapter VI, Proposition 1.2].

The Poincaré lemma for 2(R™) implies that the sequence is locally exact,
and hence it is a flabby coresolution for Z*. The statement is proven. O

The coresolution shows, together with Proposition [D.4}
Corollary 5.12. The Cech homology of Z* equals

(M. 2% = ZF(M) if r =0,
T\ HEn(M) i r >0,

where Hig (M) denotes compactly supported de Rham cohomology of M.

We will be working with certain products of the above cosheaves over the carte-
sian products M, M2, M?3,.... Let us formalize what we mean by this:

Lemma 5.13. Letl € N and 0 < ky,...,k <n.
There is a cosheaf Z** & --- ® Z* over M' with the property that for all open
Uy,...,U C M we have

(Zlﬁ @ . @ Z’W)(Ul X oeee X Ul) — Zkl(U]_) @ . (§) Zk:l(le)7
and the cosheaf map associated to an inclusion Uy x --- x Uy C Vi x -+ x V| equals

the tensor product of the extension maps of the Z*1 ... Z%,

Proof. For simplicity, we treat the case | = 2, from which the general case easily
follows.

Consider the topological base B := {U x V : U,V C M open} of M?, and the
precosheaf Q¥ & QF2 on B given by

(QF @ Ok (U x V) =0 ()@ QF2 (V) YU XV eB.
Similar to (5.1]), we have for all open U,V C M the isomorphism
QB (U) @ QP (V) 2T (A T* MR AT M) |, ),
which extends to an isomorphism of precosheaves on the base B. The right-hand
side defines a cosheaf on M?2 as the cosheaf of compactly supported sections of a
vector bundle. Hence, it restricts a cosheaf on the base B, and thus U x V —

QF1(U) ® QF2 (V) defines a cosheaf on the base B.
Consider the morphism of cosheaves on B given by

dar ®id : QP71 ® QF2 — Qf & Ok
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If Q% (U) denotes the Fréchet space of differential forms on an open set U whose
support is contained in a compact set K, and {K,},>1 and {L, },>1 denote com-
pact exhaustions of open sets U,V C M, then the image of the morphism d & id at
the open set U x V is

lim dar Q52 (U) & Q)2 (V) = dar 2 (U) & Q2 (V).
Using Proposition [2.9] and the fact that the range of the de Rham differential
d: Ok (U) = QF(U) is closed, we also have
W WBAUWV) . W, B (V)
dar QN (U) @ Qe (V) = ddRQ'Eé,fl(U> ® QIF(V)

y Q5 (U)

iKY
= dar Q21 (U)

® O (V) =z U) &k (v).

By Proposition the setwise cokernel of dgr ® id defines a cosheaf on B, and,
by the previous calculations, this cosheaf on B assumes on U x V € B the shape
ZF(U) ® QF2(V); we denote this cosheaf by ZF1 @ QF2—1,

Analogously by considering the cokernel of

~ 1 id®d ~
ZM @ Qa1 18R gk g

we find the cosheaf Z** @ Z*2 on the base B, which admits for all U x V € B the
desired local form

(ZM @ ZF=)(U x V) = Z2M(U) ® Z*= (V).

O

Unfortunately, we are currently not able to calculate the Cech homology of these
product cosheaves. Let us remark the difficulties. Consider open covers U,V of M,
and the arising product cover U x V :={U x V : U € U,V € V} of M?. Then one
can deduce

H U XV, zF & z%) = H,(U, Zz*) & H, (v, Z%2),

using that the respective Cech complex for Z* @ Z*2 factorizes, together with a
direct limit argument and the Kiinneth formula from Theorem [3.11]

However, product covers U x V do not generally constitute a cofinal subsystem in
the directed system of open covers of M2, and as a consequence, the Cech homology
can not be deduced from the associated projective limit. Without this cofinality,
it is unclear to the author how to arrive at a Kiinneth theorem in the topological
setting, such as [4I] and [42] — see also [43], where the non-cofinality of product
covers is acknowledged. We state the likely Kiinneth formula for our setting as a
conjecture.

Conjecture 5.14. If I{ is a good cover of M!, then

Ho U, ZM & - @ Z") 2 Hy(M, Z") & --- @ Hy(M, Z").
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5.3. A globalizing Cech double complex. We now use the tools developed so
far to examine homology of nontrivial gl,(K)-bundles. The idea of using local-to-
global spectral sequences goes back to Bott, Segal, Gel’fand and Fuks, who used
this strategy to describe the continuous Lie algebra cohomology of vector fields, see
[9] and [I0]. Our approach will transfer their method to our current setting, in the
spirit of the recently developed theory of factorization algebras, see [44].

Definition 5.15. Let ¢ > 1 and U := {U,} an open cover of M. We define the
q-diagonal double complex associated to U as the following double complex

j j

B, AyCo(Te(K),Un) —— B s AgCalTe(K),Un N Up) — ...

|

D, AC1(Te(K),Us) +—— D, 5 2gC1(Le(K),Ua NUg) — ...

—

Here, the horizontal differentials arise from the Cech differentials of the cosheaf
A¢Bi(T:(K),-), and the vertical differentials arise from the Chevalley-Eilenberg
differential.

Remark 5.16. We disregard the zeroeth homology groups on purpose, since they
do not behave quite as neatly in the sheaf-theoretic sense, and are only connected
to the complex by a zero differential.

It will prove insightful to calculate the spectral sequences associated to this
double complex in certain cases. To this end, we borrow a special notion of open
covers from the theory of homotopy sheaves and factorization algebras:

Definition 5.17. [45] Definition 2.9] Fix ¢,n > 1.
Let M be a smooth manifold of dimension n, and & an open cover of M. We
say that U is q-good if:
i) All intersections of elements in U are diffeomorphic to the disjoint union of
at most g copies of R™.
ii) If {z1,...,24} € M is a collection of ¢ points, there is some U € U con-
taining all x1, ..., x,.

Remark 5.18. Note that 1-good covers are exactly the well-known good covers, i.e.
open covers so that all intersections of elements of the cover are diffeomorphic to
R™.

Using the existence of Riemannian metrics on smooth manifolds, one can always
construct such a cover:

Proposition 5.19. [45] Proposition 2.10] For all ¢ € N and every smooth manifold
M, there exists a g-good cover on M.

The following statement is straightforward to prove and shows us the use of this
notion:



BORNOLOGICAL LODAY-QUILLEN-TSYGAN THEOREMS 25

Lemma 5.20. IfU is a q-good cover of M, then the sets
U :={U'cM:UclU}, U, :={U'nM:Ucl}
are open covers of M* and Mé, respectively, for alli=1,...,q

Remark 5.21. Another reason the notion of ¢-good covers will be useful to us: since
all intersections of elements in a g-good cover U are disjoint unions of Euclidean
spaces, the section spaces I'.(K) restricted to these open sets becomes a finite direct
sum of trivial gauge algebras gl,,(C2°(R™)).

Thus the Lie algebra homology of I‘C(IC’U) for such U can be approached with
the methods of the previous sections.

Proposition 5.22. For every ¢, > 1 and every ¢-good cover U of M, the r-th
row of the ¢g-diagonal double complex associated to U are acyclic in nonzero degree,
and their zeroeth homology is A,CP™(M).

Proof. Recall that
AGCH(Te(K), U) = (A Br(Te(K), U™ N M),

Hence, the r-th row of the double complex is equal to the antisymmetrized Cech
complex of the cosheaf A,B,.(I'.(K), ) with respect to the cover Uy, using the
notation of Lemma [5.201

Taking coinvariants with respect to the finite group ¥, is an exact functor,
hence the calculation of the homologies of the rows reduces to calculating the Cech
homology of the cosheaves A, B, (I'.(K),-) and taking coinvariants afterwards.

But then the statement is a direct consequence of the fact that all these cosheaves
are flabby, and thus have trivial Cech homology, see Corollary O

Corollary 5.23. The total complex of the g-diagonal double complex associated to
a g-good cover U has homology equal to diagonal homology He(A,Ce(I'.(C, M)),
independent of the choice of U.

Hence the spectral sequence associated to the horizontal filtration will give us
information about the diagonal bornological homology, granted that we understand
the homology of the restricted algebras on all U € U, and granted that we under-
stand the Cech homology associated to the precosheaves of the homology groups
U — Hy(A,CPo™ (T (K, U)).

For a simple presentation of the following spectral sequence, let us introduce a
piece of notation. Fix some n € N. Then we set, for all £ € Ny:

(5.3) & (k) := min{k,n + (k —n mod 2)},
in other words, the sequence {,,(k)}r>0 assumes the shape
0,,2,....n—1,n,n+1,n,n+1,n,...

Then, due to the periodic nature of cyclic homology, we can rephrase Corollary
B:23]in the following way:

an(k) (Rn)
dar Q5" (R

(5.4) HYPo™ (O (R™)) 2 vk > 0.
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Theorem 5.24. Let M be a manifold of finite dimension n and P — M a principal
GL.(K)-bundle, where Q C K. Let Ad(P) — M be the associated adjoint bundle,
and q 1= L%J Denote by Z* for k > 0 the cosheaves over M from Deﬁnition
for k >0, and by Hy(M, Z¥) its cosheaf homology.

There is a homological first-quadrant spectral sequence {E;  }, >0 which con-
verges to the homology of the (¢ + 1)-diagonal complex of T.(Ad(P)), i.e. with the
notation of Definition [5.8 we have the convergence

Ef,s = HT+S(Aq+1CO(Ad(P)7M))-

Forr >0 and 1 < s < q, we can express the second page E? , with the nota-

tion .'
Eg,s = @ ( @ Hm (uk 5" s1im1) & & - ® Zf'"(sk_l))>
b

k>1 \s1+-+sp=s

,S

k

Remark 5.25. Assuming Conjecture [5.14] we find that, graded by its diagonals,
the second page {Eis},«,szo looks exactly like the compactly supported analogue
of H*(gl(C=(M)) = A*H}"™(C>(M)) in degrees < ¢, all instances of C°°(M)
replaced by CS°(M).

Thus, while it is not instantly recognizable, the second page of this spectral
sequence is a quite reasonable double grading of what one would expect bornological
Lie algebra homology of gl,,(C°(M)) to be, intertwining the homological grading
with a certain grading that encodes the “locality” of the data.

Proof of Theorem [5.2f} We consider the (q+1)-th diagonal double complex associ-
ated to the cover U, and consider the spectral sequence arising by filtering along the
columns. We know that this spectral sequence converges to the (¢ + 1)-th diagonal
homology by Corollary It remains to describe the second page.

The differential on the zeroeth page is simply given by taking the homology in
vertical direction. If s < ¢ and U € U, then

Hy(Ag+1Co(Ad(P),U)) = H*™ (g1, (C(U))) = HP™M (gH(CF (U))).
If further U = | |I_, R", then

Te(Kl,) = P al(C(R")).
i=1
With Remark and Equation we get
Hborn(g[(coo (@ H/\ born Coo Rn))) ) Ao (an(o—l)(U)) .

In degrees, this translates to:

(5.5) H™(To(K|,)) = EB( &P Zﬁn(sl—n(U)@...@an@k—l)([]))

k>1 \sit-fsp=s o

This calculates the first page of the spectral sequence.
Now, recall that the horizontal differential of the double complex arises from
a Cech differential. To understand how this differential acts on the first page,
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it suffices to understand, for open sets U C V C R"™ with U £ V = R", the
composition

HRe™ (gl (C°(U))) = HR*™(Te(K] )

= HR™(De(K ) = HR™ (g1, (C20(V))),
where the middle map is induced by the extension map
CRM(Te(K] ) = CRO™(Te(K])).-

The differential of the first page is then given as a linear combination of such
maps. Under the identification of HP°™(gl(C2°(U))) with antisymmetrized tensor
products of terms Z*(U), the map is induced by extensions ¢}, : Z¥(U) —
Z¥(V), up to an action by the transition function gyy : U NV — GL(R) arising
from the choice of local trivializations on U and V.

Now recall that on Ad(P), the transition functions act by the adjoint action
of GL(K). However, in the calculation of Hj(gl,(C°(U))) we have seen that we
may reduce to the gl,(K) tensor invariants, which are equal to the GL.(K) tensor
invariants by [20, Lemma 9.2.5]. Thus the transition functions act trivially on this
space.

Hence, under the isomorphism (5.5)), the map can be identified with the
appropriate direct sum of extension maps for the product cosheaves Z51 1 & .- ®
Z%~1, As a consequence, the rows on the first page of the spectral sequence can
be identified with the skew-symmetrization of the direct sum of Cech complexes of
these product cosheaves, with respect to the covers U,U?, ... ,U%. This concludes
the proof. O

(5.6)

Some easy consequences:

Corollary 5.26. Let P — M be a principal GL;(K)-bundle and dim M > 1, and
assume that Conjecture holds.

i) If t > 3, then

Hy*™ (To(Ad(P))) == Q2(M).
ii) If t > 5, then
. adp)) = (90007) el
iii) If ¢ > 7, then
Hy*™(To(Ad(P)) =

=3 QL(M) - O2(M
(2200"), @ (s SR © s @ HAM).

6. COMMENTS AND FURTHER OUTLOOK ON THE SPECTRAL SEQUENCE

We want to dedicate this section to a large amount of comments that can be
made about Theorem [5.24] its assumptions and possible outlooks for future gener-
alizations.

Firstly, the only reason we needed to restrict to bundles Ad(P) — M was to
make sure that the transition functions of the bundle can be chosen to act by
inner automorphisms of the Lie algebra gl,(K). In a more general Lie algebra
bundle, outer automorphisms may show up, i.e. automorphisms which are not in
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the image of Ad : GL;(K) — Aut(gl,(K)). In this case, one may need to twist the
cosheaf structure of the Z* by a locally constant system depending on the bundle.
Hence, by including this data, it should be a straightforward exercise to generalize
Theorem to more general gl,(K)-bundles.

Secondly, in contrast to Theorems [.8|and one cannot phrase Theorem
in terms of Lie algebra bundles with infinite-dimensional fibre gl(K), since the local
sections in this situation use the wrong tensor product: [12, Theorem 44.1] implies

C(U, gl(K)) = C(U) @x gl(K),

which is not necessarily equal to C°(U) ® gl(K) = gl(C®(U)), as, in general
®p # ®, on LF-spaces.

Thirdly, the reader may be tempted to consider the non-compactly supported
analogue of Theorem Constructing this would, in some ways, be more stan-
dard, as this would rather use the sheaf theory associated to the sheaf of sections
of Ad(P) — M, rather than the cosheaf theory of its compactly supported coun-
terpart. Another advantage would be that the stabilization

H™ (gl(C>(R™))) 2= HR*™ (gL, (C%(R™)))

occurs already when k + 1 < n, which is strictly stronger than the stabilization for
C*(R™) in Theorem occurring only when 2k +1 < n.

However, the crucial difference is that the arising double complex would not
be of first-quadrant anymore, as it arises as a mixture of a cohomological Cech
complex with a homological Lie algebra complex. Such double complexes are in
many ways more inconvenient: For one, it is not immediately clear whether the
spectral sequences associated to the horizontal and vertical filtration converge to
the same infinity-page, and even if they do, the relevant diagonals of the spectral
sequence may hit infinitely many nonzero terms.

In particular, knowing only a part of the second page EY'?, as it is the case in
Theorem is then a lot less helpful, as it does not significantly restrict the size
of any total homology group. The relevant diagonals of the double complex cross
an unbounded, unidentified part of the spectral sequence. For further material on
similar calculations with non-first-quadrant complexes, we direct the reader to [9].

Furthermore, one may be interested to construct explicit cochains that generate
the terms of the spectral sequence. To this end, it may be helpful to compare this
to [46l Section 3]; there, continuous cochains for gl,(K)-Lie algebra bundles are

%) . When the bundle equals the endomor-

phism bundle End(E) of some vector bundle £ — M, these cochains equal the
antisymmetrizations of the cyclic cochains constructed in [47, Section 7].

Finally, we want to remark what would be necessary to remove the condition
s < g in the description of E? , in Theorem There are essentially two problems

The first one is the lack of a full description of g-diagonal, bornological Lie
algebra homology of gl(C2°(R™)). We know that the g-diagonal complex equals the
usual one in degree r < ¢, hence their homologies agree in degree r < g — 1. We
have not yet explored higher degrees.

Adapting our methods to the g-diagonal case would force one to consider cor-
responding notions of ¢-diagonal cyclic homology of CS°(R™), which could likely
be calculated using the localization techniques for cyclic homology, see for exam-
ple [28]. One would also require Kiinneth theorems for “diagonal” tensor products,

constructed from elements in (
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which we have not defined here. Intuitively, a 1-diagonal tensor product would be
of the following shape:

A@aB:=A®B/{a®b:suppansuppb = 0).

It is not yet clear to us what such a Kiinneth theorem would look like.

The second problem is the lack of a full description of the unstable homology
groups of gl,,(C°(R™)). Already in the algebraic setting, this appears to be highly
nontrivial: Conjecture 10.3.9 in [20] attempts to give a description for Lie algebra
homology of gl,,(A) when A is commutative and unital, and it is stated that their
conjecture implies a certain case of the Macdonald conjectures. In [48], the conjec-
ture is verified for many special cases, but it is also shown that, in full generality, it
does not hold. To our knowledge, a satisfying, general description of these unstable
homology groups is an open problem.

APPENDIX A. THE ALGEBRAIC LODAY-QUILLEN RESULT

We recall from the presentation in [20, Chapter 10] the outline of the proof of
the algebraic Loday-Quillen-Tsygan theorem, originally developed in [6] and even
earlier in [7].

Fix a unital algebra A in this section.

Theorem A.1 (Loday, Quillen, Tsygan). Let A be a unital algebra and
gl(4) := lim gl,, (A) := lim gl (K) @ A.

Then we have the following relation of the Lie algebra homology He(gl(A)) and
the cyclic homology H)(A):

Ho(gl(A)) = A®H (A).
All above tensor products and homologies are taken algebraically.

Due to the unitality of A, for all finite n € N the Lie algebra gl,,(A) contains the
reductive subalgebra gl,, (K), and thus the reduction C,(gl,,(A)) = Ce(gl(A))g1, x)
is a quasi-isomorphism, see [20, Prop 10.1.8]

Proposition A.2. Denote by ) the permutation group on k elements.
If n > k, then there is an isomorphism

b : (g[n(K)‘g’k)g[ o~ K[,

of ¥-modules, where ¥, acts on the left-hand side by permutation of tensor factors
and on the right-hand side by the adjoint action.

We can make this isomorphism map explicit (see [20, Chapter 9.2]): Define

g =91 Qg Z T(o)(g)o Vg € gl,(K),
ogEY

where, if 0 € ¥j assumes a cycle decomposition
g = (Zl 'Lk:)(,]l ]r)(tl ts),

we set

T(o)(g) = tr(gi, - - gir,) t(gjy - - - G5, ) - - - t1(Gty - - - G2, )-
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By the invariance of the trace under cyclic permutations, it is straightforward to
show that this map factors through to Ce(gl, (A4))g (k). A careful analysis then
shows that this yields a bijection of the spaces.

The family of isomorphisms {@y, }»>k is compatible with the inclusions induced
by gl,,(K) — gl,,,(K) for m > n > k, meaning the following diagram commutes:

(at,(€)%") (gt (K)%")

gl,, (K) al,, (K)

K[Xk]

Hence, since homology commutes with direct limits, we get

H,(gl(A)) = lim H, (gl,,(A)) = lim H, (Ca (gL, (A))g1, x)) »
and as in the direct limit n — oo, every graded component of Ce(gl,,(A))qr, (x)
becomes constant at some point, we can identify

lim Ca (g1, (A)) 1, ) = Ca(01(A4)) ) = €D (K[24] @ 4°°)

Y
k>0 k

The Yj-action on the last term is given by the tensor product of the signed
. . k o .
permutation action on A®" and the adjoint action on K[Xj]
The last ingredient is to relate the last cochain complex space and the differential
it inherits to the cyclic complex of A and the cyclic differential.
Recall that (1 --- k) € ), denotes the cyclic permutation of k elements.

Proposition A.3. Consider the map
CLi(4) - P (Kiz o 45")
k>0 Sk
[a1®...®ak] — [(1 k)@(a1®"'®ak)]~

This map is well-defined, intertwines the differentials, and extends to an isomor-
phism of chain complexes

0:A°C),(A) - P (K[Ek] ® A®k>

k>0
by setting, for [u1],. .., [w] with [u;] € C} _;(A) and N := Y, k;:

0([U1]/\/\[U1]) = |:((1 kl)O(kl—Fl kg)oo(kl_l—Fl kl))

Y

@ (u @ - @u)] € (K{ZN} ®A®N)Z .
N

Remark A.4. The reader is invited to check that the final product map is well-
defined on all levels: It is independent of the ordering of [ui] A -+ A [w], as a
different ordering is equivalent to a permutation by X, and we map into the X -
coinvariants. It is also independent of the choice of representatives u; € [u;] €
C’,;\i_l(A), since this is equivalent to a cyclic permutation acting on u;, and the
cycle (ki—1 +1 --- k;) is fixed under conjugation by itself.
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The differential on the domain of 6 is simply the differential of tensor product
complexes. Hence, the Kiinneth theorem finally implies

A*HJy (A) = lim Hy (Co(g1,(A)) g1, 1)) = Ha(gl(4)).

APPENDIX B. THE FLAT DE RHAM COMPLEX

Let M be an smooth, n-dimensional manifold (possibly with boundary), N C M
a closed submanifold, both of

dim H*(N), dim H*(M) < co Vk € N.

In this section, we want to make a short excursion in understanding the flat de
Rham complex

Qs (M, N) = {w € Q%(M) : (j%w)[n = 0},
i.e. the subcomplex of Q*(M) given by forms which are flat on N.

Lemma B.1. Consider the complez
(B.1) 0— QY (M,N) — - — Q. (M,N) =0,

with the differential given by the restriction of the de Rham differential.
Its homology equals relative singular cohomology of the pair (M, N), and the
differential has closed range.

The proof utilizes some basic knowledge of sheaves and sheaf cohomology, for
which we direct the reader to [40].

Proof. The proof idea uses ideas from [49).
Denote by R the constant sheaf on M and by QF the soft sheaf of k-forms on
M. Then there is the well-known resolution

0-R—-Q 50 - ...

Assigning to a sheaf S on M the sheaf Syp\ x on M with stalks

S, ifx¢N,
S s =%
(Sar) {o ifzeN

is an exact functor, since exactness of sequences of sheaves may be checked on stalks,
see [40, Section L.2]. Further, if S was soft, then so is Syp\n [40, Prop I1.9.13].

Then the sheaf Q;\/I\N assigns to an open U C M the set Qf,, (U, UNN), and, if
U C M is diffeomorphic to R™ then for Ry y we have

R ifUNN=0,

Banw(0) = {0 if UNN 0.

Thus
0= Rynn = Qny = Qny = = Qipy =0

is a soft resolution of the sheaf R,/ , and the complex (B.I) calculates its sheaf
cohomology.

But by standard sheaf-theoretical arguments using resolutions by singular co-
chain spaces, the sheaf cohomology of R\ v equals relative singular cohomology
of the pair (M,n), see for example [40, Chapter III.1].
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Now, since we assumed M and N to have finite-dimensional cohomology, the
image of the de Rham differential is, in every degree, cofinite-dimensional within
in its kernel ker dgr. Together with Theorem and closedness of ker dy, 1, this
shows the statement.

|

Remark B.2. It is likely possible to drop the assumption of finite-dimensionality
of the cohomology groups of M and N and proceed in a similar manner as [30,
Proposition 5.4], but we do not need this here.

APPENDIX C. PROOF OF THEOREM [4.10]

The strategy and proof of Theorem takes some preparation. The material
and notation of this section originates from [37], and we also refer to the related
preprint [38]. There, the algebraic analogue of Theorem was proven, and our
contribution will be the extension of the results to nuclear Fréchet algebras. We
closely follow the outline of the proof of [38] and make remarks to how this extends
to our setting at the appropriate places.

Definition C.1. Let m,n > 1.
i) We say that o := (ay,...,q0q) € ZL is a partition of m of length | = I(c)
ifZiZlai =mand a1 > -+ > a.
Additionally, we define §) to be a partition of 0 of length 0.
The set of partitions of m is denoted by P(m).
ii) Let «, 8 be two partitions of m, and I(a) + I(8) < n, then we set

[, Bl = (1, ..., 4,,0,...,0,=B1,,...,—p1) € Z".
iii) Let V be a gl,,(K)-representation and pu € Z™, then we define the highest
weight module V,, via
M,(V)={veV:e; - v=0 e -v=pi-v Yk Vi<j},
Vi = Ulgl, (K)) - Mu(V).
Here, ¢;; € gl,,(K) denotes the elementary matrix with a one in the (¢, j)-th

entry and zeroes everywhere else.

Lemma C.2. Letn,k > 1, and A be any topological algebra. Then:

(A =B D (A,
m>0 «,B€P(m)
l(a)+l(B)<n

Proof. Consider gl,, (K) and its tensor products g[n(K)‘@k as a gl,, (K)-representation
in the natural way, via the adjoint action and tensor products thereof. Since gl,, (K)
is a reductive Lie algebra, its adjoint representation is completely reducible, and
the decomposition of the following finite-dimensional tensor modules is standard
(for a detailled discussion, see [37, p.211f.])

K =P D (LK),

m>0 «,BeP(m)
1(a)+1(8)<n
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Now, since gl,,(K) acts trivially on A, this extends to a decomposition for the
gl,, (K)-module (g[n(K)@f ® A®’“)E

Lastly, since completion commutes with topological direct sums, this extends to
CPhem(gl, (A)) and the statement is shown. O

The action of a Lie algebra respects associated Chevalley-Eilenberg differentials,
so we have the subcomplexes

C2 (g1, (A)) a1, © O™ (g1, (A)),

Miq,6), (C7 (g1,(A)) C Mia g1, (CS™ (g1, (4)))-

By reducing to the finite-dimensional highest weight theory as in Lemma
one shows:

Lemma C.3. Let A be any topological algebra. For every n > 1,m > 0 and
a, B € P(m) with l(a) + 1(8) < n, we have

Ho(C3™ (g4, (A))ja,p1,,) = U (a1, (K)) - Ho(Mia, g1, (C37™ (81, (A))))-

Some last definitions before we get to the relevant theorems: Given a partition
«a € P(m), we denote by V¢ the well-known Specht ¥,,,-module associated to «, see
[37, p.216] for a detailled definition. Lastly, given a chain complex C,, denote by
T™(Cy) := (Co)®" the chain complex given by the m-th algebraic tensor power of
The following will be our main proposition:

Proposition C.4. Assume A is a nuclear Fréchet algebra.
Then, for every n,m > 1 and «, 8 € P(m) with {(«) +[(8) < n, there is a chain
morphism

M[oz,ﬁ]n (Cz)orn(g[n(A))) -

AQ(C«.)\,_blorn(A)) ® (Tm(CPar,born(A)) RVr® Vﬁ>z ’

(C.1)

which is an isomorphism of TVS in degree < %

Here, T', T and A denote the completions of the (reduced /exterior) tensor algebra
in the bornological tensor product topology, and the codomain is equipped with the
product differential arising from the cyclic and bar differentials.

Proof. Assume first that A is an arbitrary TVS, not necessarily with an algebra
structure. Set

S(A) == T*(T*(A)) @ (T™(CP*™(A) @ Ve o VA).
We first construct a map of graded vector spaces
bt S(A) = Mg, T%(gl,(A))

as follows:
Denote by e;; € gl,,(K) the elementary matrix with a one in the (¢, j)-th entry
and zeroes everywhere else. Set then forc=a; ®---®a, € A®" and 1 < r,s <n:

Grs(c) := Z (eriz ® al) ® (eizis ® ag) R...

i2,000ip

@ (€400, @ ap-1) @ (€45 @ ap) € (g1, (4)"
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With this we define
6:T*(T*(A)) — T*(gl,(4))
as the graded algebra map induced by, for a; ® --- ® a, € T*(TP(A)):

@(a1®...®ap);: Z Ckk(a1®"'®ap)
1<k<n

= D (€ii, ®a1) @ @ (4,1, D ap).
B1yeenylp

Further, recall that for some partition + of a number m, the Specht module
V7 is defined as generated by equivalence classes of standard Young tableaux of
shape v in a certain way [37, p.216]. Two standard Young tableaux are considered
equivalent if their rows contain the same numbers.

Let = be such a Young diagram of length < n and 1 < i < m, then we set p;(x)
to be the row of x containing the number i. We define:

E:T™(CE(A) @ Ve @ VP — T°(gl,(A)),
(1@ @em) T RY = (o (@) mt1-pi (1) (€1) @+ @ Cp (@) 1= p () (Cm)
Then, finally, we define
VA S(A) = Mia g, T* (a1, (A))
as the tensor product of 6 and é. [37, Theorem 3.4] shows that this indeed maps

into the highest weight module M, 4,7 (gl,,(A)).
Note also that 1[) 4 intertwines the actions

(C.2) Z/kWZ CTF (A), Xp, CTFH(T*(A), ZmC (T™(CP(A) Ve VP

on the domain with corresponding permutations of 3, on the codomain, and the
invariants of both spaces with respect to these actions are

R¥(A) = ALy o (T () o ve o ve)

Rs(A) = A*(C)_,(A) @ (TW(OP“(A)) ®Ve® vﬁ)E ,

m

and M, g, Ce(gl(A)). Denote by ¢4 : R*(A) — C*(gl(A)) the arising map on

invariants.
We show now:

Lemma C.5. Let A be a complete TVS. Consider R*(A) and M, 5, (Ce(gl,,(A)))
as TVS with the topology induced by the projective tensor product.

Then ¥ 4 extends to a morphism of topological graded vector spaces on the com-
pletions

R¥(4) = Ma g, (C27™ (g1, (4))),
which is an isomorphism in degree < 3.

Proof. [37, Theorem 3.6] shows that for every finite-dimensional A, the map 14 is
an isomorphism of vector spaces in degree < 5 .

Maschke’s theorem implies that in characteristic zero and for a finite group G, we
can always assign to every equivariant morphism f : U — V between G-modules an
equivariant map h : V — U, with the property that if f reduces to an isomorphism
on invariants f& : U% — V&, then h® inverts f©.
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Hence in the case A = K there is a map
fg « T°(al, (K)) — S(K),

intertwining the actions (C.2), whose reduction to invariants rx : Ce(gl,(K)) —
R(K) inverts ¢k in degree < 7. Note that the domain and codomain of Ak have
finite-dimensional graded components and hence ig and kg are automatically con-
tinuous.

In the case of A being an arbitrary TVS, we can use canonical isomorphisms to
identify

S(A) = S(K)@T*(A), T*(gh,(4)) =T(al,(K)) @ T*(A).

These isomorphisms identify 1/3,4 with 1/~JK @ idpe(a)-

Under these identifications, consider k4 := Ax ® idpe(4). The equivariance of
ka4 and 1ﬁ 4 under the actions show that the reduction to invariants k4 :
Ce(gl,(A)) = R(A) is a two-sided inverse to 14 in degree < 7, just as in the case
A =K. This map is continuous as the tensor product of continuous maps.

Hence ¢4 has a continuous inverse, and thus lifts to a continuous morphism of
graded TVS on the topological closures, and that this lift is an isomorphism in
degree < 7. The lemma is shown. |

Now, assume A is a nuclear Fréchet algebra. We use the previously constructed
map 4, which only induced a morphism ofTVS, to induce a morphism of chain
complexes.

Denote by A* the strongly continuous dual of A and by AV the algebraic dual.
Define the following maps for a € A, 8 € A* g, h € gl(K):

ev:A— (AY)Y, ev(a)(B) := B(a),
vigl,(A) — gl (AY)Y, vig®a)(h® p) = tr(gT -h)-ev(a)(B),
K :C)MA) = CMA), Kla1® - ®ay]) i=n-[a1 @ @ ay].

In [38, Theorem 3.1], a continuous graded chain map ¢ is defined which makes
the following diagram commute:

Mo, 5, Co(al,,(A)) Rs;(A)

T
Mia, 51, Calal, (4¥)Y 2220 (RE(4v))

Here, the left vertical arrow is induced by v, the right vertical arrow by ev.

Since nuclear Fréchet algebras are automatically reflexive, ev and v are topolog-
ical isomorphisms when all algebraic duals are replaced with strongly continuous
duals and C, with C’E’Om.

We have also proven in Lemma [C.5] that 14+ extends to an isomorphism of TVS
in degree < 5 on the completion, and so does its transpose L., Hence, if in the
above diagram the algebraic duals are replaced with continuous duals and C, with
CPo™ the bottom arrow, too, is a topological isomorphism. Hence all arrows except
¢ in the above diagram induce topological isomorphisms in degree < % under the
given replacements. Hence ¢ does, too.
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Hence the extension of ¢ to the closures is a morphism of chain complexes and
an isomorphism in degree < . This concludes the statement.
O

Proof of Theorem[{.10, Due to the Lemmata and we have
H™ (g1, (A)) = He (G (91,(A)) 0.01,.)
o D UELK) He (Mg, (C"(g,(4) -

m>1 «,feP(m)
W) +l(B)<n
If A is bornologically H-unital, then its bornological bar complex is acyclic, and
thus its differential has closed range. By assumption on A, the differential of the
cyclic complex has closed range, we can calculate the homology of the codomain
of via the Kiinneth isomorphism from Corollary But acyclicity of the
bar complex then implies acyclicity of this product complex. Since is a chain
isomorphism in degree r < 7, it induces isomorphisms of homology groups in degree
2r+1<n.
Thus, if 2r + 1 < n, we have

Ho™ (gl (A)) 2 Hy (G2 (gl (A))pp,01,.) = Hr (C27 (80, (A)) gt ) -

and the calculation of the homology of the invariant complex CL°™ (gl,,(A4)) g1, (k) is

carried out exactly as in the unital case in Section @ In particular, this homology

stabilizes so that H:(gl(A)) = H:(gl,(A)) = HP™(gl,(A)) when 2r + 1 < n.
Hence the statement is shown. ]

APpPPENDIX D. COSHEAVES AND CECH HOMOLOGY

We require a few definitions regarding the sheaflike aspects of the space of
bornological Lie algebra chains CP°™(I'.(K)). Much of the material within this
section can be read up on in more detail in [40]. We assume the reader is familiar
with the basic notions of sheaves on topological spaces.

Definition D.1. [40, Chapter V.1] Let M be a topological space.

i) A precosheaf (of abelian groups) P on M is a covariant functor from the
category of open sets of M, morphisms given by inclusions, into the cate-
gory of abelian groups.

Given an inclusion U C V of open sets, we denote the associated map-
ping P(U) — P(V) by Y, called the extension map from U to V of the
precosheaf P.

ii) A cosheaf is a precosheaf P with the property that for every open cover U

of an open set U C M, the sequence

P rwinuy) - PPU)—PU) 0

is exact, where the maps are given by

(aij)iyj — Z ngnt (aij — aji) N (bz)z — Z Lglbl
J i i

We call a cosheaf P flabby if all extension maps ¢}, are injective.
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iii) A morphism of (pre-)cosheaves is a natural transformation between the
functors defining the (pre-)cosheaves.

Most practical examples of cosheaves arise from some notion of compactly sup-
ported objects, since compactly supported objects on some open set can always
extended by zero to bigger open sets. The following proposition formalizes this:

Proposition D.2. [40, Proposition V.1.6] Let S be a sheaf a topological space
M, and consider the precosheaf S. which associates to an open U C M the set

S.(U):={seSM) :supps Cc U}

and whose extension maps are given by extending by zero.
If S is soft, then S, is a flabby cosheaf.

Completely dually to sheaf theory, one can define the Cech complex Co(U;P)
of a (pre-)cosheaf P associated to an open cover U of M, which is then given as a
chain complex

cee @P(Ui nuU;) — @P(UZ—) -0,
ij i

with the differential being a skew-symmetric linear combination of extension
maps .};.

Its construction is fully dual to the standard, sheaf-theoretic Cech cochain com-
plex, and we direct the reader to [40, Chapter VI.4] for details. We denote its
homology by H.(U;P). The defining properties of a cosheaf P directly imply
Ho(U; P) = P(M) independently of the choice of U.

Refinements of open covers induce on the associated Cech complexes the struc-
ture of a inverse system, and as such we may define the Cech homology of a cosheaf
P as the inverse limit of the Cech homologies of its associated open covers:

Ho(M;P) :=lim H, (U; P).

Just like sheaf cohomology can be calculated in terms of resolutions, we shall
calculate Cech homology in terms of coresolutions:

Definition D.3. [40, Chapter VI.7]
i) A precosheaf P on M is called locally zero if for every x € M and every
open neighbourhood U of z there is an open neighbourhood V' C U so that
LE =0.
ii) A sequence of precosheaves
P L Py Py

is called locally exact is the precosheaf that assigns to U C M the space
Im f(P1(U))/ ker g(P2(U)) is locally zero.
iii) A coresolution of a cosheaf P is a locally exact sequence of cosheaves

oo =3Py =P =Py =P —=0.

The coresolution is called flabby if the Py, P1,... (but not necessarily P)
are flabby.

To calculate Cech homology of cosheaves, the following result will be helpful:
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Proposition D.4. [40, Thms VI.7.2, VI.13.1] Let P be a cosheaf on M with flabby
coresolution

oo =Py =P =Py — P —0.
i) Cech homology H,(M;P) is equal to the homology of the complex
coo = Po(M) — P1(M) = Po(M) — 0.
ii) If U is an open cover of M with the property that
e Po(U) = P1(U) = Po(U) = PWU) =0
is exact whenever U is a finite intersection of elements of U, then
HoU; P) = Ho(M;P).

Corollary D.5. For every flabby cosheaf P on M, and every open cover U of M,
we have

P(M) ifr=0,
0 else.

Hr(M’P) = HT(U,'P) = {

Proof. Consider the flabby coresolution 0 — P 4P 5 0and apply Proposi-
tion [D.4] O

One concept which one might hope for in the theory of cosheaves is a dual version
of the well-known concept of sheafification, in other words, a way to universally
assign to every precosheaf an appropriate cosheaf. For sheaves, one speaks of a left-
adjoint functor to the inclusion of presheaves into sheaves, and sheafification exists
for presheaves in most standard categories, e.g. the category of sets or abelian
groups. Since sheafification respects stalks, locally, the original presheaf and its
associated sheafification carry the same information.

Surprisingly, the dual concept of “cosheafification” is a lot more involved, and
even existence of this concept in most standard categories is a difficult question, let
alone constructing it explicitly, see for example [50].

Instead, we will consider the concept of a cosheaf on a base. While the dual
notion of sheaves on a base is well-studied, we are not aware of any mention in the
literature of the cosheaf-theoretic version thereof.

Definition D.6. Let B be a topological base of M. In the following, view B as a
subcategory of the category of open sets of M.

i) A precosheaf S on B is a covariant functor from B to the category of abelian
groups. We denote the image of U € B as S(U) and the arising extension
maps for U C V € B by ;.

ii) Choose for any U € B an open cover {U;}ic; by elements in B, and for
every 4,7 € I an open cover {V;; x}rex of U; NU; by elements in B. We
call a precosheaf S on B a cosheaf on B if, for all such choices, the following
sequence is exact:

04 PU) « P PU;) + P PVij).
i ijk
iii) A morphism of (pre-)cosheaves on B is a natural transformation of the
functors defining the (pre-)cosheaves.
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The sequence is the analogue of the cosheaf condition, but rather than working
with all open sets, we just work with elements of a topological base B. If B is
chosen as the topology of M, then this definition is equivalent to the definition of
a cosheaf on M.

This is precisely the dual of the well-studied concept of sheaves on a base, by
viewing Ab-valued cosheaves as Ab°-valued sheaves.

Theorem D.7. Given a topological space M and a topological base B of M. An Ab-
valued cosheaf on B extends, up to cosheaf isomorphism, uniquely to a cosheaf on
M. A morphism between two cosheaves on B of M extends uniquely to a morphism
between the induced cosheaves on M.

Proof. The following proof is due to [51]. The analogue statement for C-valued
sheaves is true whenever C is a complete category (see [52] or [53] Lemma 2.2.7]).
However, since Ab is a cocomplete category, Ab°? is a complete category. This
proves the statement. O

It is known that the setwise cokernels of cosheaf morphisms are again cokernels
[40, Prop VI.1.2], the proof being a simple diagram chase. This straightforwardly
extends to cosheaves on a base:

Proposition D.8. Let B be a topological base of M.
Let further ¢ : P — S be a morphism of cosheaves on B, and define a precosheaf
coker ¢ by assigning to B € B

coker ¢(B) := §(B)/¢(P(B)),
with extension maps induced by the cosheaf maps of S. Then coker ¢ defines a
cosheaf on B.
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