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Abstract. We investigate the well-known Loday-Quillen-Tsygan theorem,
which calculates the Lie algebra homology of the general linear algebra gl(A) =

lim−→ gln(A) for an associative algebra A in terms of cyclic homology, and extend
the proof to bornological Lie algebra homology of Fréchet and LF-algebras. For
Fréchet spaces, this equals the usual continuous Lie algebra homology and is
hence closely tied to the dual continuous cohomology.

To this end we prepare several statements about homological algebra of
topological vector spaces, and discuss when the di�erential of the bornological
Hochschild and cyclic complex are topological homomorphisms in the setting
of Fréchet algebras.

We apply the results to the algebras of smooth functions on a smooth
manifold and compactly supported smooth functions on Euclidean space, and
construct from a local-to-global principle a Gelfand-Fuks-like spectral sequence
which calculates the stable part of bornological Lie algebra homology of non-
trivial gauge algebras. This complements results by Maier, Janssens and
Wockel.
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1. Introduction

In recent years, interest has grown to understand continuous Lie algebra cohomo-
logy of certain in�nite-dimensional Lie algebras, speci�cally low-degree cohomology,
which contains information about continuous central extensions of the given Lie
algebra and thus its projective representations. In degree ≤ 2, the cohomological
equations can reasonably well be handled explicitly, so many interesting examples
from the realm of differential/symplectic geometry are now well-understood, see for
example [1], [2], [3].

Of speci�c interest in physics is the in�nite-dimensional symmetry group of gauge
transformations, and its corresponding in�nitesimal symmetries, modelled as the
sections of a Lie algebra bundle K →M . This is what we call a gauge algebra. When
the �bres of this bundle are semisimple �nite-dimensional Lie algebras, the second
degree cohomology is fully understood, see [4] for the globally trivial case and [5] for
the general case of nontrivial gauge algebras. However, the methods within these
papers are very speci�cally suited to degree 2, which raises the question of how one
might calculate higher degree cohomology.

Independently, roughly 40 years ago, Loday, Quillen and Tsygan fully described
the algebraic Lie algebra homology of gl(A) = lim−→ (gln(K)⊗A) for arbitrary unital
algebras A and �elds K with Q ⊂ K in terms of cyclic homology Hλ

• (A), see [6], [7].
Their proof lays the groundwork for results about the homology of many so-called
current algebras, Lie algebras of the shape g ⊗ A, where g is another Lie algebra
and A is an associative algebra. In particular, when g equals any of the classical
simple Lie algebras, their method allows one to extract quite a lot of information.

Now, if g is �nite-dimensional, the current algebra g ⊗ C∞(M) ∼= C∞(M, g)
represents exactly the gauge algebra of a globally trivial Lie algebra bundle with
�bres equal to g, establishing a connection between the work of Loday, Quillen
and Tsygan, and the study of gauge algebras. However, since one is in general not
only interested in the algebraic Lie algebra cohomology of gauge algebras, but their
continuous counterpart, one may ask the question if the proof of the Loday-Quillen-
Tsygan (LQT) result holds when the involved homology theories are modi�ed to
take topological data into account. This would provide a uni�ed way to calculate
continuous (co-)homology of locally trivial gauge algebras with many di�erent �bre
Lie algebras, providing information in more than just low degree.

The goal of this paper is to explore this question and answer it in the a�rmative
for bornological Lie algebra homology. On the gl(A) = lim−→ gln(A), this is essentially
Lie algebra homology de�ned in terms of Grothendieck's completed inductive topo-
logical tensor product, rather than the more standard projective tensor product.
Due to the fact that this tensor product is compatible with the ubiquitous direct
limit arguments in the proof of the LQT theorem, this appears to be the most
natural framing for a topological LQT theorem.
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Note that in [8], a result for the continuous cohomology of gl(C∞(M)) for closed
manifolds M is stated, but lacking a full proof. They state that the jointly con-
tinuous cohomology is freely generated by the continuous cyclic cohomology of the
algebra; complementary to that, our result is that the bornological homology is
equal to the topological completion of this freely generated space. While we cannot
disprove their claim outright due to the di�erence in continuity notions, it seems
likely that also the statement in joint continuity should include such a completion,
as the generators contain in�nite-dimensional components.

We begin by laying out the foundation of this study: we recall in Section 2
and 3 the de�nition and important properties of topological vector spaces, e.g.
Fréchet and LF-spaces, their associated topological tensor products, and bornologi-
cal homology theories for associative algebras. In particular, we prepare statements
about the Fréchet algebra A = C∞(M) and the LF-algebra A = C∞c (Rn) and prove
that the Hochschild and cyclic di�erentials are topological homomorphisms in these
cases.

In Section 4, the algebraic LQT-Theorem is extended to bornological Lie algebra
homology and (homologically) unital Fréchet algebras in Theorems 4.8 and 4.10.
In essence, this requires tracking through the algebraic proofs and making sure
that all algebraic isomorphisms lift to topological isomorphisms in the respective
topologies and on the completions of the tensor products. As an application, in
Corollary 4.11 we fully state the bornological Lie algebra homology of gl(C∞(M)) =
lim−→ gln(C∞(M)) and gl(C∞c (Rn)) = lim−→ gln(C∞c (Rn)), both spaces equipped with
their respective direct limit topologies.

Lastly, in Section 5 we globalize our results to approximate the bornological Lie
algebra homology of gauge algebras Γ(AdP → M) for principal bundles P → M .
We restrict the calculations to when the �bre Lie algebra is gln(K), but the general
method is easily transferrable to other classical, simple Lie algebras. We construct
in Theorem 5.24 a spectral sequence which calculates this homology in stable degree.
This is parallel to a well-known construction by Gelfand, Fuks, Bott and Segal, who
have constructed such spectral sequences for continuous Lie algebra cohomology of
vector �elds on a smooth manifold [9] [10].

Unfortunately, the entries of the second page of the spectral sequence can be
speci�ed only in terms of a certain �ech homology of product cosheaves, which we
are unable to calculate and can only conjecture. This is due to the lack of a Künneth
theorem in the cosheaf-theoretical setting. Assuming this conjecture, however, this
spectral sequence yields a uni�ed approach to compute low-dimensional bornolog-
ical cohomology of a large class of gauge algebras. An example of such results is
given in Corollary 5.26.

A related approach is given in [11], which does not consider continuous, but local
Loday-Quillen-Tsygan Theorems, in the language of factorization algebras.

2. Topological vector spaces, bornologies, and tensor products

2.1. Preliminaries and de�nitions. We want to begin by collecting some de�-
nitions and results regarding topological vector spaces and their tensor products.
For a more detailled discussion, we direct the reader to [12], [13], [14].

Fix, once and for all, a topological �eld K containing the rational numbers. All
vector spaces and algebras in the following will be over K unless speci�ed otherwise.

De�nition 2.1. Let V be a vector space.
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i) We call V a topological vector space (TVS) if it is equipped with equipped
with a topology in which addition V ×V → V and scalar multiplication V ×
V → V are continuous with respect to the according (product) topologies.

ii) We call V locally convex vector space (LCTVS) if it is a TVS which is
Hausdor� and in which every point has a neighbourhood basis consisting
of convex sets.

iii) We call V a Fréchet space if it is a metrizable and complete LCTVS.
iv) We call V an LF-space if it is the inductive limit of a countable direct system

of Fréchet spaces (Vn)n∈N, equipped with the inductive limit topology.
Additionally, it is a strict LF-space if the maps Vn → Vm in the direct
system (for m ≥ n) are topological embeddings.
In both cases, we write this as V = lim−→Vn.

v) We call V a topological algebra if it is a TVS with a continuous multiplica-
tion µ : V × V → V that makes V into an associative K-algebra.

vi) We call V a topological Lie algebra if it is a TVS with a continuous bracket
[·, ·] : V × V → V that makes V into a K-Lie algebra.

Remark 2.2. We will mix and match with the above terms when useful; for exam-
ple, we will work with topological algebras where the underlying TVS is Fréchet
or an LF-space. Then we will simply call it a Fréchet algebra or an LF-algebra,
respectively.

Example 2.3. Let M be a smooth manifold. Our main Fréchet space of interest
will be the space of smooth functions on M , denoted C∞(M). It is well-known to
admit a topology that makes it into a Fréchet space.

This topology is sequential, and a sequence (fn ∈ C∞(M))n∈N converges to
f ∈ C∞(M) if and only if all (locally de�ned) derivatives of the fn uniformly
converge to the derivatives of f on all compact sets K contained within charts. The
standard pointwise multiplication is easily shown to be continuous with respect to
this topology, making it into a Fréchet algebra.

Straightforwardly, these considerations can be extended to give the space of
sections Γ(E) of a �nite-dimensional vector bundle E →M a Fréchet space struture,
but, in general, with no available algebra structure.

Example 2.4. An important LF -space for us will be gl(K) := lim−→ gln(K). Since all
gln(K) are �nite-dimensional, they admit canonical Fréchet space structures, and
they make up a direct system via the inclusions gln(K)→ glm(K) for n ≤ m.

The Lie brackets are compatible with these inclusion maps, and one can show
that the arising Lie bracket on gl(K) is continuous with respect to the LF-topology.

2.2. Topological tensor products. In contrast to the �nite-dimensional case,
tensor products become very delicate in in�nite dimensions. Certainly one always
has the algebraic tensor product ⊗ = ⊗K, but there are multiple non-equivalent
ways to equip this with a topology. For our purposes we will recall two such notions.

De�nition 2.5. Let V,W be two LCTVS and consider the canonical map

φ : V ×W → V ⊗W.

i) The projective tensor product V ⊗π W denotes the vector space V ⊗ W
equipped with the strongest locally convex topology such that φ is contin-
uous.
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ii) The inductive tensor product V ⊗ι W denotes the vector space V ⊗ W
equipped with the strongest locally convex topology such that φ is separately
continuous, meaning φ(v, ·) and φ(·, w) are continuous for all v ∈ V,w ∈W .

iii) The bornological tensor product V ⊗β W denotes the vector space V ⊗W
equipped with the strongest locally convex topology such that φ is bounded,
meaning if B ⊂ V ×W is bounded, then φ(B) ⊂ V ⊗β W is, too.

Remark 2.6. The tensor products here should not be confused with the injective
tensor product, generally denoted by ⊗ε.

See [13, Chapter 3.6], [15, Chapter 1] for proofs of the existence of these tensor
product topologies and additional details.

In our setting, it su�ces to work only with ⊗β , and we denote by V ⊗̂W :=

V ⊗β W the completion of the bornological tensor product. We set no notation for
the completion with respect to other tensor products.

Topological tensor products appear to have somewhat of a bad reputation, and in
complete generality, they may well deserve it. However, in our setting, the categor-
ical properties of the tensor products are fairly pleasant, especially the bornological
tensor product:

Proposition 2.7. Let V,W,U be LCTVS.
i) [12, Chapter 34.2, Chapter 43] [16, Chapter 5] If V and W are Fréchet,

then all separately continuous bilinear maps V ×W → U are continuous,

V ⊗π W ∼= V ⊗ιW ∼= V ⊗β W,

and V ⊗̂W is Fréchet.
ii) [17, Appendix A.1.4] If V and W are nuclear strict LF-spaces

V = lim−→Vi, W = lim−→Wj ,

then V ⊗̂W is a nuclear strict LF-space, and

V ⊗ιW ∼= V ⊗β W, V ⊗̂W = lim−→(Vi ⊗̂Wj).

iii) [17, Prop 2.25] We canonically have

(U ⊗̂ V ) ⊗̂W ∼= U ⊗̂ (V ⊗̂W ), U ⊗̂ V ∼= V ⊗̂ U.
Remark 2.8. Note that commutativity follows quite easily using the topological
isomorphism X × Y ∼= Y ×X. However, the associativity is not generally quite so
obvious: For general topological tensor products, the natural vector space isomor-
phisms between X⊗ (Y ⊗Z) and (X⊗Y )⊗Z might not necessarily be continuous,
see [18].

Lastly, we have an exactness property of ⊗̂. The following is a consequence of
[19, Thm A1.6]:

Proposition 2.9. Let U, V,W and H be nuclear Fréchet spaces, and

0→ U
f→ V

g→W → 0

an exact sequence, in the sense that f and g are continuous and linear, f is injective,
g is surjective, and imf = ker g.

Then

0→ U ⊗̂H f⊗̂id→ V ⊗̂H g⊗̂id→ W ⊗̂H → 0

is exact in the same sense.
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3. Bornological Hochschild and cyclic homology

3.1. Preliminaries and de�nitions. In this section, we recall how to modify the
algebraic notions of Hochschild/cyclic homology to include topological informa-
tion. For a succinct presentation of the algebraic picture of Hochschild and cyclic
homology and certain topological modi�cations, we cite [20], [21], [22]. A related
discussion of the topological modi�cations also takes place in [23].

We lay no claim to originality within this section, with the exception of inves-
tigating the property of di�erentials to be topological morphisms; we will explain
this below.

Fix a �eld K. All algebras in the following will be K-algebras.

De�nition 3.1. Let A be a topological algebra. The bornological Hochschild com-
plex of A with coe�cients in itself is given by

HCborn
• (A) :=

⊕
k≥0

HCk(A), HCk(A) := A⊗̂
k+1

.

where the di�erential is induced by the Hochschild di�erential, so

b : HCborn
k (A)→ HCborn

k−1 (A),

b(a0 ⊗ · · · ⊗ an) :=

n−1∑
i=0

(−1)ia0 ⊗ · · · ⊗ aiai+1 ⊗ · · · ⊗ an

+ (−1)n+1ana0 ⊗ a1 ⊗ · · · ⊗ an−1.

The homology of this complex is called the bornological Hochschild homology of A
and denoted HHborn

• (A).

Remark 3.2. A reader who is less familiar with bornology may instead be inter-
ested in replacing ⊗β with, say, the completion of ⊗π or ⊗ι rather than ⊗̂ = ⊗β ,
to get something which could reasonably be called (jointly) continuous or sepa-
rately continuous homology. Due to Proposition 2.7, this is possible whenever A
is, respectively, Fréchet or a strict LF-space. These cases will be studied further in
Section 4.

Remark 3.3. Note that for nonunital algebras A, the above de�nition is the borno-
logical version of what, in [20], is called the naive Hochschild homology. This does
not necessarily agree with the �correct� version of Hochschild homology. However,
in our applications, all algebras will be (bornologically) H-unital, a term we de�ne
later on, which su�ces for both notions of Hochschild homology to coincide.

De�nition 3.4. Let A be a topological algebra. The bornological Connes complex
of A is given by

Cλ,born
• (A) :=

⊕
n≥0

Cλ,born
n (A), Cλ,born

n (A) := HCborn
n (A,A)Z/(n+1)Z,

where the action of the generator τ ∈ Z/(n+ 1)Z on HCborn
n (A) is given by cyclic

permutation, meaning

τ · (a0 ⊗ · · · ⊗ an) := (−1)nan ⊗ a0 ⊗ · · · ⊗ an−1 ∀a0, . . . , an ∈ A.
The di�erential of this complex is induced by the Hochschild di�erential, which
factors through to this complex.

The homology of this complex is called bornological cyclic homology.
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Like in the algebraic setting, we will show the compatibility with an alternative
de�nition of cyclic homology, in terms of the following double complex, see [20,
Chapter 2]:

De�nition 3.5. Let A be a topological algebra. The bornological cyclic double
complex CCborn

•,• (A) of A is given by

. . . . . . . . . . . . . . .

A⊗̂
3

A⊗̂
3

A⊗̂
3

A⊗̂
3

. . .

A⊗̂
2

A⊗̂
2

A⊗̂
2

A⊗̂
2

. . .

A A A A . . .

1−τ

1−τ

1−τ N

N

N

1−τ

1−τ

b

b −b′

−b′ b

b

−b′

−b′

N

N

N

−b′b−b′b

1−τ

Here:

• b is the Hochschild di�erential as in De�nition 3.1,
• b′ : A⊗̂

n+1

→ A⊗̂
n

is the bar di�erential, which is de�ned as the Hochschild
di�erential without the last summand, so

b′(a0 ⊗ · · · ⊗ an) :=

n−1∑
i=0

(−1)ia0 ⊗ · · · ⊗ aiai+1 ⊗ · · · ⊗ an,

• τ is the cyclic permutation as in De�nition 3.4,
• N : A⊗̂

n

→ A⊗̂
n

is the norm operator, de�ned as

N := 1 + τ + τ2 + · · ·+ τn−1.

All squares anticommute, and we denote the total complex by CCborn
• (A), also

called the bornological cyclic complex of A.

Completely analogously one de�nes the cohomological bornological Hochschild,
Connes, and cyclic double complexes, by taking the continuous dual of all spaces
in the above. We respectively denote them by

HC•born(A,A), C•λ,born(A), CC•,•born(A).

Proposition 3.6. Let A be a topological algebra and Q ⊂ K
De�ne the map of homological complexes

CCborn
• (A)→ Cλ,born

• (A)

as the canonical quotient on the zeroeth column, and as the zero map everywhere
else.

De�ne also the map of cohomological complexes

C•λ,born(A)→ CC•born(A)

as the canonical inclusion into the zeroeth column.
Both maps are quasi-isomorphisms, i.e. chain maps which reduce to isomor-

phisms of abelian groups on homology.
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Proof. Restrict �rst to homology, and consider a sketch of the algebraic case, see
[20, Theorem 2.1.5]. There, one constructs homotopy operators h′, h on every row
of the algebraic double complex CC•,•(A), ful�lling

h′N + (1− τ)h = id = Nh′ + h(1− τ),

showing that, all rows are acyclic in nonzero degree, and degree zero homology of
the n-th row equals the algebraic cyclic complex Cλn(A). This shows the algebraic
case.

Now, all involved operators in [20, Theorem 2.1.5] are easily seen to be continuous
and hence extend to the respective topological completions, hence the homotopy
argument extends to CCborn

• (A) and C•λ,born(A).
The cohomological statement follows identically by dualizing the above homo-

topy operators. �

If A is additionally unital, there is another complex which calculates cyclic ho-
mology:

De�nition 3.7. Let A be a unital topological algebra. The bornological (b, B)-
double complex Bborn

•,• (A) of A is de�ned as

. . . . . . . . .

A⊗̂
3

A⊗̂
2

A

A⊗̂
2

A

A

b

B

B

b

B

b

b b b

Here

• b is the Hochschild di�erential,
• B is the Connes operator, de�ned as

B = (1− τ)sN,

with τ the cyclic permutation, N the norm operator (see De�nition 3.5)
and s is the extra degeneracy, de�ned as

s : A⊗̂
n

→ A⊗̂
n+1

, a1 ⊗ · · · ⊗ an 7→ 1⊗ a1 ⊗ · · · ⊗ an.

All squares anticommute, and we denote the total complex by Bborn
• (A).

Proposition 3.8. Let A be a unital topological algebra. Then the Bborn
• (A) and

CCborn
• (A) are continuously homotopy equivalent.

Proof. Similar to the proof of Proposition 3.6, one builds homotopy operators by
compositions of the continuous operators N, s, (1−τ), thus the well-known algebraic
homotopy equivalence lifts to a topological one. See [21, Proposition 3.8.1.] for
details. �
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3.2. Closed range theorems. In the following we will need to understand whether
the range of the di�erential of the cyclic complex is a topologically closed subspace
of the complex. This condition makes the complex more well-behaved, in the sit-
uation of Fréchet spaces turning all di�erentials into topological homomorphisms,
and allowing for the use of a Künneth formula.

In this subsection, we will only consider Fréchet spaces, so we may always think
of ⊗̂ as the closure of the projective tensor product due to Proposition 2.7.

The following statement due to Serre is occasionally helpful:

Theorem 3.9. [24, Lemma 2] Let d : A→ B be a continuous, linear map of Fréchet
spaces. If d(A) is co�nite-dimensional in B, then d(A) is closed and complemented.

We cite the following Theorem from [25, Corollary 5.3], a rudimentary version
of which was already given in [26].

Theorem 3.10. Let A,B be chain complexes of nuclear Fréchet spaces, bounded
from below in the sense that

An = Bn = 0 if n < 0.

If the di�erentials of both complexes have closed range, we have an isomorphism
of TVS

H•(A ⊗̂B) ∼= H•(A) ⊗̂H•(B).

Note that in the above situation, H•(A ⊗̂ B) is again canonically Fréchet, and
thus the di�erential of A ⊗̂B has closed range. Hence we can iterate this formula:

Corollary 3.11. If A1, . . . , An are �nitely many complexes of nuclear Fréchet
spaces, and all di�erentials have closed range, we have

H•
(
A1 ⊗̂ · · · ⊗̂An

) ∼= H• (A1) ⊗̂ · · · ⊗̂H• (An) .

However, there does not seem to be a simple argument for why the Hoch-
schild/cyclic di�erentials should have closed range in large generality.

In the cases that interest us, we can make use of the following easy proposition:

Proposition 3.12. Let (C•, dC), (D•, dD) be complexes of Hausdor� TVS, and let
there be a continuous quasi-isomorphism φ : C• → D•.

i) If dD has closed range, then dC has closed range.
ii) If C• and D• admit a continuous homotopy equivalence, then dC has closed

range if and only if dD does.

Proof. i)
Since the range of dD is closed and fully contained in ker dD, the projection

π : ker dD →
ker dD

Im dD[−1]
= H•(D•)

is a continuous, linear map of TVS. Denote by φ̃ the continuous, linear map arising
from the composition

ker dC
φ→ ker dD

π→ H•(D•).

Since φ reduces to an isomorphism on homology and Im dC ⊂ ker f , we must
have Im dC = ker φ̃, hence Im dC is the kernel of a continuous, linear map. Since
all involved spaces are Hausdor�, this kernel is closed, and we are done.
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ii) This follows from i) since a continuous homotopy equivalence of chain com-
plexes induces continuous quasi-isomorphisms in both directions. �

Proposition 3.13. [14, Theorem 26.3] If φ : E → F is a continuous linear map
of Fréchet spaces, its range is closed if and only if its transpose φ∗ : F ∗ → E∗ has
closed range, where E∗ and F ∗ denote the respective strong duals of E and F .

Corollary 3.14. Let A be a Fréchet algebra.

i) The di�erential of the Connes complex Cλ,born
• (A) has closed range if and

only if the di�erential of CCborn
• (A) has closed range.

ii) If A is unital, then all di�erentials of the complexes

Cλ,born
• (A), CCborn

• (A), Bborn
• (A)

have closed range if and only if a single one of them does.

Proof. i) If Cλ,born
• (A) has closed range, then the quasi-isomorphism from Propo-

sition 3.6 together with Proposition 3.12 shows that CCborn
• (A) has closed range

as well.
On the other hand, if CCborn

• (A) has closed range, then by Proposition 3.13 so does
the cohomological complex CC•born(A) since all spaces in the homological total com-
plex are Fréchet and all di�erentials of the cohomological complex are induced by
dualization.

Again Propositions 3.6 and 3.12 show that the cohomological complex C•λ,born(A)

has closed range as well. By Proposition 3.13 this extends to Cλ,born
• (A), which

shows the equivalence.
ii) This follows from i) and the continuous homotopy equivalence in Proposi-

tion 3.8. �

3.3. The case of smooth functions. The most important algebra in our context
is A = C∞(M), the algebra of smooth functions on a smooth manifold M with
its standard Fréchet structure, see for example [12, Chapter 10.1] for details. The
following theorem on its bornological/continuous Hochschild homology with coe�-
cients in itself its well-established, see [22] for the cohomological proof when M is
compact, and [27], [28] for extensions to the noncompact case.

Theorem 3.15. Let M be a smooth manifold (possibly with boundary). Equipping
the Fréchet space of forms Ω•(M) with the zero di�erential, the map

HCborn
• (C∞(M), C∞(M))→ Ω•(M),

f0 ⊗ · · · ⊗ fn 7→ f0ddRf1 ∧ · · · ∧ ddRfn ∀fi ∈ C∞(M)

is a quasi-isomorphism.

The calculation of bornological cyclic homology of C∞(M) builds on the above
fact and is also well-established. We will state it here together with the additional
information that the di�erential has closed range.

Theorem 3.16. Let A = C∞(M) with its standard Fréchet space structure. Then

Hλ,born
n (C∞(M)) =

Ωn(M)

ddRΩn−1(M)
⊕Hn−2

dR (M)⊕Hn−4
dR (M)⊕ . . .

and the di�erential of the Connes complex Cλ,born
• (C∞(M)) has closed range.
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Proof. The �rst statement is proven, for example, in [21, Example 3.10.1], and
we sketch the proof. The isomorphism from Theorem 3.15 induces continuous
chain map from the bornological (b, B)-double complex of C∞(M) to the following
complex of Fréchet spaces:

(3.1)

. . . . . . . . .

Ω2(M) Ω1(M) Ω0(M)

Ω1(M) Ω0(M)

Ω0(M)

0 0 0

0

ddR

0

ddR

0

ddR

This map is compatible with the di�erentials, and if we �lter both double complexes
by their columns and consider the induced spectral sequences, the map descends
to an isomorphism on the �rst page. Thus, by the spectral sequence comparison
theorem (see [29, Theorem 5.2.12]), the original map is a quasi-isomorphism of the
total complexes. Then the calculation of bornological cyclic homology of C∞(M)
follows from the easy calculation of the total homology of (3.1).

[30, Proposition 5.4] states that the de Rham di�erential associated to a smooth
manifold has closed range, hence also the total di�erential of the double complex
(3.1). Thus, by Proposition 3.12, so do the di�erentials of the total complex of the
bornological (b, B)-double complex, and by Corollary 3.14 also the di�erential of
Cλ• (A). This proves the statement. �

3.4. The case of compactly supported functions. In preparation for results
about compactly supported gauge algebras, we want to establish some properties
of algebras related to compactly supported functions. Speci�cally, recall that one
generally de�nes the topology of C∞c (Rn) as a direct limit:

For every compact K ⊂ Rn, de�ne the Fréchet subalgebra

C∞K (Rn) := {f ∈ C∞(Rn) : supp f ⊂ K} ⊂ C∞(Rn).

Denote by D̄r(0) ⊂ Rn the closed disk of radius r around 0. Then the inclusions
D̄r(0) ⊂ D̄r′(0) for r′ > r induce a direct system {C∞

D̄r(0)
(Rn)}r>0 with

C∞c (Rn) = lim−→C∞D̄r(0)(R
n).

All spaces within this direct system are Fréchet spaces, so if one equips C∞c (Rn)
with the inductive limit topology, it is a strict LF-space. We will avoid working
with this LF-space directly and just work with the underlying Fréchet spaces, since
homology and ⊗̂ commute with direct limits on strict LF-spaces.

However, we want to remark that the LF-algebra C∞c (Rn) itself also has good
properties with respect to bornological homology theories, see [31].

From here on, set D := D̄1(0) ⊂ Rn. We �rst cite the following important
factorization result from [32, Theorem 3.4]:
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Theorem 3.17. The Fréchet algebra C∞D (Rn) has the bounded strong factorization
property: For every bounded set B ⊂ C∞D (Rn), there is a z ∈ C∞D (Rn), a continuous
linear operator T : C∞D (Rn)→ C∞D (Rn) and a sequence {φn}n≥1 ⊂ C∞D (Rn) with

z · T (x) = x, T (x) = lim
n→∞

φn · x ∀x ∈ B.

Remark 3.18. Note that in [32, Def 1.1], the de�nition of the strong factoriza-
tion property is stated slightly di�erent, and weaker in one particularly impor-
tant aspect: They require that for every x ∈ B, the element T (x) must be con-
tained in C∞D (Rn) · x, the closed ideal generated by x. This, too, would imply
T (x) = limn→∞ φn · x for some φn, but the choice of φn may depend on x.

The stronger statement that the φn can be chosen independent of x is also
true, as seen in the proof [32, Proposition 2.7] which is used to prove the above
theorem. This goes unstated in our cited material, but is important not only for
our application, but also for other users of this material such as [33, Proposition
3.4], [34, Theorem 7], [35, Theorem 6.1].

Corollary 3.19. For all f ∈ C∞Dk((Rn)k), there are g ∈ C∞D (Rn), h ∈ C∞Dk((Rn)k)
with

f(x1, . . . , xk) = g(x1) · h(x1, . . . , xk) ∀xi ∈ D,

so that if f in the above is a cycle in bar homology, so is h.

Proof. Since C∞Dk((Rn)k) ∼= (C∞D (Rn))⊗̂
k

, [12, Thm 45.1] implies that we can rep-
resent every f ∈ C∞Dk((Rn)k)) as a certain series, i.e. there are null sequences
{fn1 }n≥1, . . . , {fnk }n≥1 ⊂ C∞D (Rn) and a sequence of complex numbers {λn}n≥1

with
∑∞
n=1 |λn| < 1, so that

f =

∞∑
n=1

λnf
n
1 ⊗ · · · ⊗ fnk ,

where the sum is absolutely convergent as a series of Fréchet space elements, mean-
ing that for a generating sequence of seminorms {pi}i≥0 of the topology of C∞D (Rn),
the following real-valued series converges for all i1, . . . , ik ≥ 0:

∞∑
n=1

λn · pi1(fn1 ) . . . pik(fnk ).

Since the set {fn1 }n≥1 is convergent, it is bounded, and we can apply The-
orem 3.17 to get a continuous operator T : C∞D (Rn) → C∞D (Rn), a function
g ∈ C∞D (Rn) and a sequence {φm}m≥1 ∈ C∞D (Rn) with

fn1 = g · Tfn1 , T fn1 = lim
m→∞

φm · fn1 ∀n ∈ N.

By continuity of T the sequence

h :=

∞∑
n=1

λn(Tfn1 )⊗ · · · ⊗ fnk

is also absolutely convergent and thus de�nes an element in C∞Dk((Rn)k). Thus
f(x1, . . . , xn) = g(x1) · h(x1, . . . , xn) for all xi ∈ Rn.
Additionally, if f is a cycle in bar homology, then, since the bar di�erential b′ is
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continuous and C∞D (Rn)-linear with respect to multiplication in the �rst tensor
argument, we have

lim
m→∞

b′((φmf
n
1 )⊗ · · · ⊗ fnk ) = lim

m→∞
φm · b′(fn1 ⊗ · · · ⊗ fnk ).

But then b′(h) = limm→∞ φm · b′(f), so if f was a cycle in bar homology, so is
h. This concludes the proof.

�

Corollary 3.20. The bornological bar complex of C∞D (Rn) is acyclic.

Proof. In the notation of Corollary 3.19, every bar chain f ∈ Cbar
k (C∞D (Rn)) ful�ls

f = b′(g ⊗ h) + g ⊗ b′(h), with b′(f) = 0 implying b′(h) = 0. This shows the
statement. �

Proposition 3.21. From Appendix B, recall the space

Ω•flat(D, ∂D) := {ω ∈ Ω•(D) : (j∞ω)
∣∣
∂D

= 0} ⊂ Ω•(D).

Equip Ω•flat(D, ∂D) with the zero di�erential, then the quasi-isomorphism on the
bornological Hochschild complex

HCborn
• (C∞(D))→ Ω•(D)

from Theorem 3.15 restricts to a quasi-isomorphism

HCborn
• (C∞D (Rn))→ Ω•flat(D, ∂D).

Proof. In the sense of [36, Section 2], the bornological Hochschild complex of
the subalgebra C∞D (Rn) ⊂ C∞(D \ ∂D) is locally isomorphic to the bornologi-
cal Hochschild complex of C∞(D \ ∂D). But then [36, Prop 2.2] shows that the
Hochschild homology of C∞D (Rn) is, via the above morphism, isomorphic to the sub-
algebra of di�erential forms of Ω•(D \ ∂D) generated by the functions in C∞D (Rn).
But this is exactly Ω•flat(D, ∂D). �

We investigate this �at de Rham complex more in Appendix B. From the results
there, we conclude the following:

Theorem 3.22. The di�erential of the bornological cyclic complex of C∞D (Rn) has
closed range and

Hλ,born
k (C∞D (Rn)) =

Ωkflat(D, ∂D)

ddRΩk−1
flat (D, ∂D)

⊕Hk−2
sg (D, ∂D)⊕Hk−4

sg (D, ∂D)⊕ . . .

where the relative homology denotes relative singular homology.

Proof. By Lemma B.1, the di�erential of Ω•flat(D, ∂D) has closed range, thus the
quotient map

Ω•flat(D, ∂D)→ Ω•flat(D,∂D)
dΩ•flat(D,∂D)[−1](3.2)

is a continuous map of Fréchet spaces.
Composing the quasi-isomorphism HCborn

• (C∞D (Rn))→ Ω•flat(D, ∂D) from Pro-
position 3.21 with this quotient map allows one to construct a continuous map of
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double complexes from CCborn
•,• (C∞D (Rn)) to the following:

(3.3)
...

...
...

...
...

...

Ω2
�at

(D,∂D)

ddRΩ1
�at

(D,∂D)
0 H2

sg(D, ∂D) 0 H2
sg(D, ∂D) . . .

Ω1
�at

(D,∂D)

ddRΩ0
�at

(D,∂D)
0 H1

sg(D, ∂D) 0 H1
sg(D, ∂D) . . .

Ω0
�at(D, ∂D) 0 H0

sg(D, ∂D) 0 H0
sg(D, ∂D) . . .

All di�erentials in (3.3) are set to zero. By Lemma B.1, Hk
sg(D, ∂D) is either

zero or equal to Ωnflat(D,∂D)

ddRΩn−1
flat (D,∂D)

for all k ≥ 0, so the zero map and the quotient

map (3.2) su�ce to construct the indicated map of double complexes.
Calculate the spectral sequence of Cborn

•,• (C∞D (Rn)) arising from �ltration by
columns. By Proposition 3.21 and Corollary 3.20 the �rst page E•,•1 contains
Ω•flat(D, ∂D) in even-numbered columns and 0 in odd-numbered columns, so we
have E•,•1 = E•,•2 .

By unravelling the connecting homomorphisms using the homotopy equation in
the proof of Corollary 3.20 and the construction of the elements in the equation
from Corollary 3.19, one can explicitly spell out the di�erential on the second page,
showing that the nontrivial di�erentials Ω•flat(D, ∂D)→ Ω•+1

flat (D, ∂D) are equal to
the de Rham di�erential.

The cohomology of this �at, relative de Rham complex is equal to relative sin-
gular homology, see Lemma B.1. Hence the third page of the spectral sequence is
exactly equal to the double complex (3.3). Hence the map of double complexes we
constructed is an isomorphism between the third pages of the spectral sequences.

By the spectral sequence comparison theorem [29, Theorem 5.2.12], this implies
that the original map of double complexes is a quasi-isomorphism of the total
complexes. This calculates the bornological cyclic homology as stated.

Lastly, since the total di�erential of the double complex (3.3) is zero, it is closed,
and hence the di�erential of the total complex CCborn

• (C∞D (Rn)) has closed range
by Proposition 3.12. This concludes the proof. �

Corollary 3.23. We have for all k ≥ 0

Hλ,born
• (C∞c (Rn)) ∼=

Ωkc (Rn)

ddRΩk−1
c (Rn)

⊕Hk−2
dR,c(R

n)⊕Hk−4
dR,c(R

n)⊕ . . .

where H•dR,c(Rn) denotes compactly supported de Rham cohomology of Rn.
Proof. This follows from Theorem 3.22 by taking the direct limit C∞c (Rn) =
lim−→C∞

Dr(0)
(Rn), since homology, the cyclic action, and the bornological tensor prod-

uct commute with strict direct limits, and

Ωkc (Rn)

ddRΩk−1
c (Rn)

= lim−→
Ωkflat(D̄r, ∂D̄r(0))

ddRΩk−1
flat (D̄r(0), ∂D̄r(0))

.
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�

Remark 3.24. In preparation for what follows, we want to note that the above
methods generalizes to �nite, topological direct sums of copies of C∞D (Rn), meaning

Hbar,born
•

(
r⊕
i=1

C∞D (Rn)

)
= 0, Hλ,born

k

(
r⊕
i=1

C∞D (Rn)

)
∼=

r⊕
i=1

Hλ
k (C∞D (Rn)) .

4. Loday-Quillen-Tsygan theorems for Fréchet algebras

In this section, we want to extend the classical Loday-Quillen-Tsygan theorem
to the setting of certain topological algebras.

For a detailled exposition of the algebraic Loday-Quillen-Tsygan theorem, we
direct the reader to [20, Chapter 9 & 10], or, for an abridged version of the relevant
details, Appendix A.

4.1. A general topological LQT-Theorem.

De�nition 4.1. Let A be a topological algebra and n ∈ N. Consider the topological
Lie algebra

gln(A) := gln(K) ⊗̂A

whose Lie bracket is given by

[g ⊗ a, h⊗ b] := [g, h]gln(K) ⊗ (a · b) ∀g, h ∈ gl(K), a, b ∈ A.

Form ≥ n, the inclusions gln(A)→ glm(A) de�ne a direct system of Lie algebras,
and we can de�ne

gl(A) := gl∞(A) := lim−→ gln(A)

Remark 4.2. Note that all gln(A) for 1 ≤ n <∞ are �nite-dimensional, so we can
equivalently write

gln(K) ⊗̂A = gln(K)⊗β A = gln(K)⊗A.

If A is Fréchet, then all gln(K)⊗A are Fréchet, so gl(A) is a strict LF-space. In
this case, since the bornological tensor product on strict LF-spaces is compatible
with inductive limits, we have

gl(A) = lim−→(gln(K) ⊗̂A) ∼= gl(K) ⊗̂A.

De�nition 4.3. Let g be a topological Lie algebra. We de�ne bornological Lie al-
gebra homology of this g to be the homology of the bornological Chevalley-Eilenberg
chain complex

Cborn
• (g) :=

(
K 0← Λ̂1g

d← Λ̂2g
d← . . .

)
,

where Λkg denotes the coinvariants of ⊗kg with respect to the action of the sym-
metric group Σk by antisymmetrization, and the hat denotes completion in the
bornological tensor product.

The di�erential is the extension of the Chevalley-Eilenberg di�erential to the
completion:

d(g1 ∧ · · · ∧ gn) :=
∑
i<j

(−1)i+j−1[gi, gj ] ∧ g1 ∧ · · · ĝi · · · ĝj · · · ∧ gn ∀gi ∈ g.
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Proposition 4.4. For every n ∈ N and topological algebra A, the space gln(A)
admits an action by gln(K). If A is unital, then the reduction to coinvariants

Cborn
• (gln(A))→ Cborn

• (gln(A))gln(K)

is a quasi-isomorphism.

Proof. Clearly, gln(K) acts on gln(A) ∼= gln(K) ⊗ A by a tensor product of the
adjoint action and the trivial action.

Unitality of A implies that gln(K) ⊂ gln(A) exists as a subalgebra, and hence
gln(K) acts on the gln(A)-cochains.

By Proposition 2.7, the completed bornological tensor product is associative
and commutative, and if one of its factors is �nite-dimensional, it agrees with the
algebraic tensor product as a vector space. Hence:

Cborn
k (gln(A)) ∼=

(
gln(K)⊗

k

⊗A⊗̂
k
)

Σk
.

We know that since gln(K) acts trivially on A, and the �nite-dimensional ten-
sor module gln(K)⊗

k

is completely reducible, hence Cborn
k (gln(A)) is completely

reducible.
From here on, the proof is essentially identical to the proof in algebraic setting,

see [20, Prop 10.1.18]. Complete reducibility gives us

Cborn
• (gln(A)) = Cborn

• (gln(A))gln(K) ⊕ L•,
where L• is a direct sum of simple modules, all of which gln(K) acts nontrivially
on. Since the gln(K)-action commutes with the Lie algebra di�erential, this is even
a decomposition into subcomplexes.

We can further decompose L• = Z• ⊕K•, where Z• = L• ∩ ker d, and K• is a
module-theoretic complement of Z• in L• so that both Z•,K• are direct sums of
simple modules. Clearly, H•(L•) = H•(Z•).

A simple gln(K)-moduleM ⊂ Z• is generated by any of its elements that gln(K)
acts nontrivially on. As a consequence, every element of L• is of the form X ·c ∈ Z•
for some cochain c ∈ Z• and X ∈ gl(K).

We further have, for all X ∈ gln(K) and c ∈ C•(gln(A)) the homotopy equation

X · c = d(X ∧ c) +X ∧ dc.
Hence every element of Z• is of the form X · c = d(X ∧ c), so a boundary. This

shows that Z• and L• are acyclic, and the proof is done. �

Corollary 4.5. If A is a unital Fréchet algebra, then

Hborn
• (gl(A)) ∼= H•

(⊕
k

(
K[Σk]⊗A⊗̂

k
)

Σk

)
.

Proof. The tensor product ⊗̂ commutes with direct limits on LF-spaces by Propo-
sition 2.7

Cborn
k (gl(A)) =

(
gl(K)⊗

k
β ⊗β A⊗̂

k
)

Σk

= lim−→
(
gln(K)⊗

k

⊗A⊗̂
k
)

Σk
= lim−→Cborn

k (gln(A)).

By Proposition 4.4, the reduction to coinvariants

Cborn
• (gln(A))→ Cborn

• (gln(A))gln(K)
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is a quasi-isomorphism for all n ∈ N.
From the case A = K considered in Propostion A.2, we get, for n ≥ k, the

isomorphism

Cborn
• (gln(A))gln(K)

∼=
((

gln(K)⊗
k
)
gln(K)

⊗A⊗̂
k
)

Σk

∼=
(
K[Σk]⊗A⊗̂

k
)

Σk
.

Finally, since homology commutes with direct limits, and as every graded com-
ponent of Cborn

• (gln(A))gln(K) becomes constant at some point in the direct limit,
we get the following chain of isomorphisms:

Hborn
• (gl(A)) ∼= lim−→Hborn

• (gln(A))

∼= lim−→H•(C
born
• (gln(A))gln(K)) ∼= H•

(⊕
k

(
K[Σk]⊗A⊗̂

k
)

Σk

)
.

�

Hence we may work with the latter complex instead, which is in some sense
simpler: Since all Σk are �nite groups, it is a complex of Fréchet spaces. A drawback
is that the di�erential on this subcomplex is more di�cult to describe. Regardless,
we have the following:

Proposition 4.6. Let A be a Fréchet algebra. The isomorphism of chain complexes

θ : Λ•Cλ•−1(A)→
⊕
k∈N

(
K[Σk]⊗A⊗

k
)

Σk

from Proposition A.3 extends to a continuous isomorphism of chain complexes

θ̂ : Λ̂•Cλ,born
•−1 (A)→

⊕
k∈N

(
K[Σk]⊗A⊗̂

k
)

Σk
.

Proof. By de�nition of θ, we can decompose

Λ•Cλ•−1(A) =
⊕
k≥1

⊕
[σ]⊂Σk

Z[σ],

where the direct sum over [σ] is carried out over all conjugacy classes [σ] ∈ Σk, and
Z[σ] the span of all elements [u1] ∧ · · · ∧ [ur] ∈ Λ•Cλ•−1(A) with

∃τ ∈ [σ] : θ([u1] ∧ · · · ∧ [ur]) = [τ ⊗ (u1 ⊗ · · · ⊗ ur)] .

For each k ≥ 1 and conjugacy class [σ] ⊂ Σk, choose a representative σ in cycle
decomposition

σ = (1 · · · k1) ◦ (k1 + 1 · · · k2) ◦ · · · ◦ (kr−1 + 1 · · · kr).

Then, on Z[σ], the map θ arises from the continuous map

A⊗
k

→ K[Σk]⊗A⊗
k

, a1 ⊗ · · · ⊗ ak 7→ σ ⊗ a1 ⊗ · · · ⊗ ak,

by composition with the quotient map

K[Σk]⊗A⊗
k

→
(
K[Σk]⊗A⊗

k
)

Σk
,

factoring through the kernel, and then restricting to the direct summand Z[σ] in
the kernel. All these properties keep continuity intact, so θ is continuous on every
Z[σ].
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Also, for every conjugacy class [σ] ⊂ Σk, the restriction θ
∣∣
Z[σ]

: Z[σ] → θ(Z[σ])

admits a continuous inverse, induced in the same way by a map

K[[σ]]⊗A⊗
k

→ A⊗
k

, (τ−1στ)⊗ a1 ⊗ · · · ⊗ ak 7→ aτ(1) ⊗ · · · ⊗ aτ(k).

The above assignment de�nes a continuous map due to the �niteness of [σ]. Since
both θ and its inverse are continuous, they extend to continuous maps between the
completions of their respective domains and codomains, and these extensions still
compose to the identity.

Thus, these extensions are isomorphisms of chain complexes, proving the state-
ment. �

Corollary 4.7. Let A be a unital Fréchet algebra. There is a continuous quasi-
isomorphism

Cborn
• (gl(A))→ Λ̂•Cλ,born

•−1 (A).

Corollary 3.11 then �nally implies:

Theorem 4.8. Let A be a nuclear unital Fréchet algebra, and assume that the
di�erential of the bornological cyclic complex Cλ,born

• (A) has closed range.
Then we have, for all r, n ∈ N with r + 1 ≤ n

Hborn
r (gln(A)) ∼=

(
Λ̂•Hλ,born

•−1 (A)
)
r
,

and

Hborn
• (gl(A)) ∼= Λ̂•Hλ,born

•−1 (A).

Remark 4.9. Note that the only place where it mattered that we used gl(A) rather
than any of the other limits of classical simple Lie algebras sl(A), sp(A) or so(A)

was in the coinvariants for the tensor modules gl(K)⊗
k

.
We will not explicitly present this, but we do want to remark that one can gain

statements analogous to Theorem 4.8 for these other Lie algebras with very little
modi�cation, save that one occasionally may need to replace cyclic homology with
the closely related dihedral homology, which we have not de�ned here. We direct
the reader to [20, Chapter 9 & 10] for a detailled discussion of the algebraic setting.

Lastly, these results extend to certain non-unital algebras as well. Speci�cally, in
the algebraic setting one can weaken the assumption of unitality to H-unitality, a
property which is de�ned as the acyclicity of the algebraic bar complex of A, see [37]
for a proof in the �nite-dimensional setting and the preprint [38] (supplementing
the publication [39]) for an explicit generalization to in�nite-dimensional algebras.

We give a detailled proof of the following statement in Appendix C:

Theorem 4.10. Let A be a nuclear Fréchet algebra, and assume that the di�erential
of the bornological cyclic complex Cλ,born

• (A) has closed range. Additionally, assume
that A is bornologically H-unital, i.e. the bornological bar complex Cbar,born(A) is
acyclic.

Then we have, for all r, n ∈ N with 2r + 1 ≤ n:

Hborn
r (gln(A)) ∼=

(
Λ̂•Hλ,born

•−1 (A)
)
r
,

and

Hborn
• (gl(A)) ∼= Λ̂•Hλ,born

•−1 (A)
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Since the proof in Appendix C is quite lengthy, we give a rough sketch of it
here: The complex Cborn

• (gln(A)) can be decomposed into isotypic components
with respect to the action of gln(K). In the unital case, we have seen that only the
invariant component contributes to homology.

In a similar vein to the proof of Proposition 4.6, one constructs a morphism of
every component to a certain complex involving combinations of the bar complex
and the Connes complex of A, see the construction of φ in [38, Theorem 3.1]. As
one takes the direct limit n→∞, these morphisms become stable isomorphisms. In
every isotypic component in which the bornological bar complex appears nontriv-
ially, the acyclicity of the bornological bar complex forces the whole component to
become acyclic; this leaves only the invariant component to contribute to homology,
and this component is related to the cyclic complex exactly as in the unital setting.

4.2. Application to A = C∞(M) and C∞c (Rn). We now apply the results of the
previous section to the case when A equals some spaces of smooth functions.

Corollary 4.11. Let M be a smooth manifold, we have

Hborn
• (gl(C∞(M))) ∼= Λ̂•Hλ,born

• (C∞(M)),

Hborn
• (gl(C∞c (Rn))) ∼= Λ̂•Hλ,born

• (C∞c (Rn)).

Proof. We have established in Theorem 3.16 that the closed-range assumption of
Theorem 4.8 holds for the nuclear Fréchet algebra C∞(M), so the �rst isomorphism
is shown.

Further, we have shown in Corollary 3.20 and Theorem 3.22 that the C∞
D̄r(0)

(Rn)

are bornologically H-unital and ful�l the closed-range assumption of Theorem 4.10.
This shows

Hborn
• (gl(C∞D̄r(0)(R

n))) = Λ̂•Hλ,born
•−1 (C∞D̄r(0)(R

n)).

Now, homology and ⊗̂ commute with direct limits, and so we have

Hborn
• (gl(C∞c (Rn))) = lim−→Hborn

• (gl(C∞D̄r(0)(R
n)))

= lim−→ Λ̂•Hλ,born
•−1 (C∞D̄r(0)(R

n)) = Λ̂•Hλ,born
• (C∞c (Rn)).

�

5. Bornological homology of nontrivial gauge algebras

Now, letM be a �nite-dimensional, smooth manifold, H a �nite-dimensional Lie
group with associated Lie algebra h, and P → M a principal H-bundle. Consider
the adjoint bundle AdP := P ×Ad h.

We would like to understand the bornological Lie algebra homology of the com-
pactly supported gauge algebra Γc(AdP ). For small open sets U ⊂ M , sections
of AdP

∣∣
U
→ U can be identi�ed with h ⊗ C∞(U). As a consequence, for simple

classical Lie algebras h, the methods of the previous section allow a calculation of
the stable part of bornological homology Hborn

• (h⊗ C∞c (U)).
By employing local-to-global methods as in the spectral sequence calculus de-

veloped in [9], we will be able to deduce information about Hborn
• (Γc(AdP )) from

this local data. As a model of the more general case, we will only consider the case
h = gln(K) for some 1 ≤ n < ∞, as this connects directly to the methods from
Section 4.
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The methods of the following section are not exclusive to gauge algebras: In
more generality, the following methods can be applied to calculate bornological
Lie algebra homology of Γc(A) for any Lie algebroid A → M , assuming that the
bornological Lie algebra homology of Γc(A

∣∣
U

) can be calculated whenever U is a
small disk over which A trivializes,.

5.1. Cosheaves of Lie algebra chains and diagonal homology. Fix in this
subsection a smooth, locally trivial Lie algebra bundle K → M with �nite-dimen-
sional �bre gln(K) for some 1 ≤ n <∞. Whenever we speak of (pre-)cosheaves in
the following, we think of them as valued in the category of abelian groups as in
Appendix D, but this is largely unimportant.

We �rst introduce some notation: De�ne for a compact K ⊂ M the closed
Fréchet subspace

ΓK(K) := {s ∈ Γ(K) : supp s ⊂ K} ⊂ Γ(K).

Then, given any compact exhaustion {Kn} of M , the topology on the compactly
supported section space arises from the direct limit topology Γc(K) = lim−→ΓKn(K).

It is well-known that if we have two vector bundles A,B →M , then

Γ(A) ⊗̂ Γ(B) ∼= Γ(A�B),(5.1)

where A � B := pr∗1A ⊗ pr∗2B → M ×M denotes the exterior tensor product of
vector bundles, see for example [12, Thm 51.6] for the statement in trivial �bres.

Then, using Proposition 2.7:

Γc(K)⊗̂
k ∼= lim−→ΓKn(K)⊗̂

k ∼= lim−→ΓKn×···×Kn(K�k) ∼= Γc(K�k).

This justi�es the following de�nition:

De�nition 5.1. We de�ne, for every k ≥ 1 the precosheaf Bk(Γc(K), ·) over Mk,
assigning to an open set U ⊂Mk the set

Bk(Γc(K), U) := Γc(K�k
∣∣
U

).

The precosheaf map Γc(K�k
∣∣
U

)→ Γc(K�k
∣∣
V

) associated to the inclusion U ⊂ V is
de�ned via extension by zero.

Remark 5.2. From this de�nition and the previous isomorphism, we get the borno-
logical Lie algebra complex via restricting to global sections and Σk-coinvariants,
i.e. for all k ≥ 1 we have

Cborn
k (Γc(K)) ∼= (Bk(Γc(K),Mk))Σk .

Note in particular that we set the zero degree part to zero, so we think of Bk as
a reduced complex.

Since the precosheaf Bk(K, ·) arises from the compactly supported sections of
a soft sheaf (given by the sections of a smooth vector bundle), Proposition D.2
implies:

Lemma 5.3. For every k ≥ 1, the precosheaf Bk(Γc(K), ·) over Mk is a �abby
cosheaf.

De�nition 5.4. Let k ≥ 1 and q ≥ 0 be integers. De�ne the q-th diagonal in Mk

via

Mk
q := {(x1, . . . , xk) ∈Mk : |{x1, . . . , xk}| ≤ q}.
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Remark 5.5. The q-th diagonals interpolate between the well-known notions of the
thin diagonal

Mk
thin := Mk

1 = {(x, . . . , x) ∈Mk},

and the fat diagonal

Mk
fat := Mk

k−1 = {(x1, . . . , xk) ∈Mk : ∃i 6= j s.t. xi = xj}.

We have a chain of inclusions:

∅ = Mk
0 ⊂Mk

1 ⊂ · · · ⊂Mk
k−1 ⊂Mk

k = Mk.

De�nition 5.6. Let k, q ≥ 1 be integers. De�ne the precosheaf ∆qBk(K, ·) on Mk
q

as follows: For every open set V ⊂Mk
q , de�ne

∆qBk(Γc(K),W ) := lim←−
U⊃W

Bk(Γc(K), U)/Bk(Γc(K), U ∩ (Mk \Mk
q )).

Here, the projective limit is taken over all open U ⊂ Mk containing W , and the
limit maps are induced by the extension maps ιVU of the cosheaf Bk(Γc(K), ·) for
U ⊂ V . The precosheaf maps are induced by the ones of Bk(Γc(K), ·).

Equivalently, ∆qBk(Γc(K), V ) denotes the compactly supported sections of the
sheaf of holonomic germs of Γ(K) along V ⊂ Mk

q . Thus ∆qBk(Γc(K), ·) equals
the precosheaf of compactly supported sections of a soft sheaf, so Proposition D.2
implies:

Lemma 5.7. For all integers k, q ≥ 1, the precosheaf ∆qBk(Γc(K), ·) on Mk
q is a

�abby cosheaf.

De�nition 5.8. Let k, q ≥ 1 be integers, and U ⊂M open.
We de�ne a precosheaf ∆qCk(Γc(K), ·) on M , the q-diagonal k-chains of Γ(K):

∆qCk(Γc(K), U) :=
(
∆qBk(Γc(K), Uk ∩Mk

q )
)

Σk
.

Remark 5.9. The q-diagonal chains can be viewed as a quotient of the usual
bornological complex, i.e. for every k, q ≥ 1 there is a natural projection

Cborn
k (Γc(K

∣∣
U

))→ ∆qCk(Γc(K), U),

and the Lie algebra di�erential factors through to a well-de�ned di�erential on this
new complex.

5.2. Cosheaves of compactly supported di�erential forms. Fix a smooth
manifold M of dimension n, and some k ∈ N0 with 0 ≤ k ≤ n.

De�nition 5.10. De�ne the precosheaves Ωkc and Z
k, respectively given by assign-

ing to an open U ⊂M the compactly supported k-forms Ωkc (U) and

Zk(U) :=
Ωkc (U)

ddRΩk−1
c (U)

.

The extension maps of Ωkc are induced by the extension of compactly supported
forms by zero. They induce the extension maps on the quotient Zk.

We �nd:
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Lemma 5.11. The precosheaves Ωkc and Zk over M are cosheaves. Further, Ωkc is
�abby and Zk admits the �abby coresolution

0→ Ω0
c → Ω1

c → · · · → Ωkc → Zk → 0,(5.2)

where the last nontrivial map is the canonical quotient map, and the other nontrivial
maps are given by the de Rham di�erential.

Proof. The Ωkc are �abby cosheaves by Proposition D.2, since they arise as the
precosheaf of compactly supported sections of the soft sheaf of di�erential forms on
M .

The de Rham di�erential induces a cosheaf morphism Ωk−1
c → Ωkc whose cokernel

precosheaf equals exactly Zk, and cokernels precosheaves of cosheaf morphisms are
automatically cosheaves [40, Chapter VI, Proposition 1.2].

The Poincaré lemma for Ω•c(Rn) implies that the sequence (5.2) is locally exact,
and hence it is a �abby coresolution for Zk. The statement is proven. �

The coresolution shows, together with Proposition D.4:

Corollary 5.12. The �ech homology of Zk equals

Ȟr(M,Zk) =

{
Zk(M) if r = 0,

Hk−r
dR,c(M) if r > 0,

where H•dR,c(M) denotes compactly supported de Rham cohomology of M .

We will be working with certain products of the above cosheaves over the carte-
sian products M1,M2,M3, . . . . Let us formalize what we mean by this:

Lemma 5.13. Let l ∈ N and 0 ≤ k1, . . . , kl ≤ n.
There is a cosheaf Zk1 ⊗̂ · · · ⊗̂ Zkl over M l with the property that for all open

U1, . . . , Ul ⊂M we have

(Zk1 ⊗̂ · · · ⊗̂ Zkl)(U1 × · · · × Ul) := Zk1(U1) ⊗̂ · · · ⊗̂ Zkl(Ul),

and the cosheaf map associated to an inclusion U1 × · · · ×Ul ⊂ V1 × · · · × Vl equals
the tensor product of the extension maps of the Zk1 , . . . , Zkl .

Proof. For simplicity, we treat the case l = 2, from which the general case easily
follows.

Consider the topological base B := {U × V : U, V ⊂ M open} of M2, and the
precosheaf Ωk1c ⊗̂ Ωk2c on B given by

(Ωk1c ⊗̂ Ωk2c )(U × V ) := Ωk1c (U) ⊗̂ Ωk2c (V ) ∀U × V ∈ B.

Similar to (5.1), we have for all open U, V ⊂M the isomorphism

Ωk1c (U) ⊗̂ Ωk2c (V ) ∼= Γc(
(
Λk1T ∗M � Λk2T ∗M

) ∣∣
U×V ),

which extends to an isomorphism of precosheaves on the base B. The right-hand
side de�nes a cosheaf on M2 as the cosheaf of compactly supported sections of a
vector bundle. Hence, it restricts a cosheaf on the base B, and thus U × V 7→
Ωk1c (U) ⊗̂ Ωk2(V ) de�nes a cosheaf on the base B.

Consider the morphism of cosheaves on B given by

ddR ⊗̂ id : Ωk1−1
c ⊗̂ Ωk2c → Ωk1c ⊗̂ Ωk2c .
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If Ω•K(U) denotes the Fréchet space of di�erential forms on an open set U whose
support is contained in a compact set K, and {Kn}n≥1 and {Ln}n≥1 denote com-
pact exhaustions of open sets U, V ⊂M , then the image of the morphism d ⊗̂ id at
the open set U × V is

lim−→ ddRΩk1−1
Kn

(U) ⊗̂ Ωk2Ln(V ) = ddRΩk1−1
c (U) ⊗̂ Ωk2c (V ).

Using Proposition 2.9 and the fact that the range of the de Rham di�erential
d : ΩkKn(U)→ Ωk+1

Kn
(U) is closed, we also have

Ωk1c (U) ⊗̂ Ωk2c (V )

ddRΩk1−1
c (U) ⊗̂ Ωk2c (V )

∼= lim−→
Ωk1Kn(U) ⊗̂ Ωk2Ln(V )

ddRΩk1−1
Kn

(U) ⊗̂ Ωk2Ln(V )

lim−→
Ωk1Kn(U)

ddRΩk1−1
Kn

(U)
⊗̂ Ωk2Ln(V ) ∼= Zk1c (U) ⊗̂ Ωk2c (V ).

By Proposition D.8 the setwise cokernel of ddR ⊗̂ id de�nes a cosheaf on B, and,
by the previous calculations, this cosheaf on B assumes on U × V ∈ B the shape
Zk1(U) ⊗̂ Ωk2(V ); we denote this cosheaf by Zk1 ⊗̂ Ωk2−1.

Analogously by considering the cokernel of

Zk1 ⊗̂ Ωk2−1
c

id ⊗̂ddR→ Zk1 ⊗̂ Ωk2c

we �nd the cosheaf Zk1 ⊗̂ Zk2 on the base B, which admits for all U × V ∈ B the
desired local form

(Zk1 ⊗̂ Zk2)(U × V ) = Zk1(U) ⊗̂ Zk2(V ).

�

Unfortunately, we are currently not able to calculate the �ech homology of these
product cosheaves. Let us remark the di�culties. Consider open covers U ,V of M ,
and the arising product cover U × V := {U × V : U ∈ U , V ∈ V} of M2. Then one
can deduce

Ȟ•(U × V, Zk1 ⊗̂ Zk2) ∼= Ȟ•(U , Zk1) ⊗̂ Ȟ•(V, Zk2),

using that the respective �ech complex for Zk1 ⊗̂ Zk2 factorizes, together with a
direct limit argument and the Künneth formula from Theorem 3.11.

However, product covers U×V do not generally constitute a co�nal subsystem in
the directed system of open covers ofM2, and as a consequence, the �ech homology
can not be deduced from the associated projective limit. Without this co�nality,
it is unclear to the author how to arrive at a Künneth theorem in the topological
setting, such as [41] and [42] � see also [43], where the non-co�nality of product
covers is acknowledged. We state the likely Künneth formula for our setting as a
conjecture.

Conjecture 5.14. If U is a good cover of M l, then

Ȟ•(U , Zk1 ⊗̂ · · · ⊗̂ Zkl) ∼= Ȟ•(M,Zk1) ⊗̂ · · · ⊗̂ Ȟ•(M,Zkl).
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5.3. A globalizing �ech double complex. We now use the tools developed so
far to examine homology of nontrivial glt(K)-bundles. The idea of using local-to-
global spectral sequences goes back to Bott, Segal, Gel'fand and Fuks, who used
this strategy to describe the continuous Lie algebra cohomology of vector �elds, see
[9] and [10]. Our approach will transfer their method to our current setting, in the
spirit of the recently developed theory of factorization algebras, see [44].

De�nition 5.15. Let q ≥ 1 and U := {Uα} an open cover of M . We de�ne the
q-diagonal double complex associated to U as the following double complex

...
...

⊕
α ∆qC2(Γc(K), Uα)

⊕
α,β ∆qC2(Γc(K), Uα ∩ Uβ) . . .

⊕
α ∆qC1(Γc(K), Uα)

⊕
α,β ∆qC1(Γc(K), Uα ∩ Uβ) . . .

Here, the horizontal di�erentials arise from the �ech di�erentials of the cosheaf
∆qBk(Γc(K), ·), and the vertical di�erentials arise from the Chevalley-Eilenberg
di�erential.

Remark 5.16. We disregard the zeroeth homology groups on purpose, since they
do not behave quite as neatly in the sheaf-theoretic sense, and are only connected
to the complex by a zero di�erential.

It will prove insightful to calculate the spectral sequences associated to this
double complex in certain cases. To this end, we borrow a special notion of open
covers from the theory of homotopy sheaves and factorization algebras:

De�nition 5.17. [45, De�nition 2.9] Fix q, n ≥ 1.
Let M be a smooth manifold of dimension n, and U an open cover of M . We

say that U is q-good if:

i) All intersections of elements in U are di�eomorphic to the disjoint union of
at most q copies of Rn.

ii) If {x1, . . . , xq} ∈ M is a collection of q points, there is some U ∈ U con-
taining all x1, . . . , xq.

Remark 5.18. Note that 1-good covers are exactly the well-known good covers, i.e.
open covers so that all intersections of elements of the cover are di�eomorphic to
Rn.

Using the existence of Riemannian metrics on smooth manifolds, one can always
construct such a cover:

Proposition 5.19. [45, Proposition 2.10] For all q ∈ N and every smooth manifold
M , there exists a q-good cover on M .

The following statement is straightforward to prove and shows us the use of this
notion:
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Lemma 5.20. If U is a q-good cover of M , then the sets

U i := {U i ⊂M i : U ∈ U}, U iq := {U i ∩M i
q : U ∈ U}

are open covers of M i and M i
q, respectively, for all i = 1, . . . , q

Remark 5.21. Another reason the notion of q-good covers will be useful to us: since
all intersections of elements in a q-good cover U are disjoint unions of Euclidean
spaces, the section spaces Γc(K) restricted to these open sets becomes a �nite direct
sum of trivial gauge algebras gln(C∞c (Rn)).

Thus the Lie algebra homology of Γc(K
∣∣
U

) for such U can be approached with
the methods of the previous sections.

Proposition 5.22. For every q, r ≥ 1 and every q-good cover U of M , the r-th
row of the q-diagonal double complex associated to U are acyclic in nonzero degree,
and their zeroeth homology is ∆qC

born
r (M).

Proof. Recall that

∆qCr(Γc(K), U) =
(
∆qBr(Γc(K), Ur ∩Mr

q )
)

Σr
.

Hence, the r-th row of the double complex is equal to the antisymmetrized �ech
complex of the cosheaf ∆qBr(Γc(K), ·) with respect to the cover Urq , using the
notation of Lemma 5.20.

Taking coinvariants with respect to the �nite group Σr is an exact functor,
hence the calculation of the homologies of the rows reduces to calculating the �ech
homology of the cosheaves ∆qBr(Γc(K), ·) and taking coinvariants afterwards.

But then the statement is a direct consequence of the fact that all these cosheaves
are �abby, and thus have trivial �ech homology, see Corollary D.5. �

Corollary 5.23. The total complex of the q-diagonal double complex associated to
a q-good cover U has homology equal to diagonal homology H•(∆qC•(Γc(K,M)),
independent of the choice of U .

Hence the spectral sequence associated to the horizontal �ltration will give us
information about the diagonal bornological homology, granted that we understand
the homology of the restricted algebras on all U ∈ U , and granted that we under-
stand the Cech homology associated to the precosheaves of the homology groups
U 7→ H•(∆qC

born(Γc(K, U)).
For a simple presentation of the following spectral sequence, let us introduce a

piece of notation. Fix some n ∈ N. Then we set, for all k ∈ N0:

ξn(k) := min{k, n+ (k − n mod 2)},(5.3)

in other words, the sequence {ξn(k)}k≥0 assumes the shape

0, 1, 2, . . . , n− 1, n, n+ 1, n, n+ 1, n, . . .

Then, due to the periodic nature of cyclic homology, we can rephrase Corollary
3.23 in the following way:

Hλ,born
k (C∞(Rn)) ∼=

Ω
ξn(k)
c (Rn)

ddRΩ
ξn(k)−1
c (Rn)

∀k ≥ 0.(5.4)
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Theorem 5.24. LetM be a manifold of �nite dimension n and P →M a principal
GLt(K)-bundle, where Q ⊂ K. Let Ad(P ) → M be the associated adjoint bundle,
and q := b t−1

2 c. Denote by Z
k for k ≥ 0 the cosheaves over M from De�nition 5.10

for k ≥ 0, and by H•(M,Zk) its cosheaf homology.
There is a homological �rst-quadrant spectral sequence {E•r,s}r,s≥0 which con-

verges to the homology of the (q + 1)-diagonal complex of Γc(Ad(P )), i.e. with the
notation of De�nition 5.8 we have the convergence

Ekr,s =⇒ Hr+s(∆q+1C•(Ad(P ),M)).

For r ≥ 0 and 1 ≤ s ≤ q, we can express the second page E2
r,s with the nota-

tion (5.3):

E2
r,s =

⊕
k≥1

( ⊕
s1+···+sk=s

Ȟr1

(
Uk, Zξn(s1−1) ⊗̂ · · · ⊗̂ Zξn(sk−1)

))
Σk

Remark 5.25. Assuming Conjecture 5.14, we �nd that, graded by its diagonals,
the second page {E2

r,s}r,s≥0 looks exactly like the compactly supported analogue
of H•(gl(C∞(M)) = Λ̂•Hλ,born

•−1 (C∞(M)) in degrees ≤ q, all instances of C∞(M)
replaced by C∞c (M).

Thus, while it is not instantly recognizable, the second page of this spectral
sequence is a quite reasonable double grading of what one would expect bornological
Lie algebra homology of gln(C∞c (M)) to be, intertwining the homological grading
with a certain grading that encodes the �locality� of the data.

Proof of Theorem 5.24. We consider the (q+1)-th diagonal double complex associ-
ated to the cover U , and consider the spectral sequence arising by �ltering along the
columns. We know that this spectral sequence converges to the (q+ 1)-th diagonal
homology by Corollary 5.23. It remains to describe the second page.

The di�erential on the zeroeth page is simply given by taking the homology in
vertical direction. If s ≤ q and U ∈ U , then

Hs(∆q+1C•(Ad(P ), U)) ∼= Hborn
s (glt(C

∞
c (U))) ∼= Hborn

s (gl(C∞c (U))).

If further U ∼=
⊔r
i=1 Rn, then

Γc(K
∣∣
U

) ∼=
r⊕
i=1

gl(C∞c (Rn)).

With Remark 3.24 and Equation (5.4) we get

Hborn
• (gl(C∞c (U))) ∼= Λ̂•

(
r⊕
i=1

Hλ,born
•−1 (C∞c (Rn))

)
∼= Λ̂•

(
Zξn(•−1)(U)

)
.

In degrees, this translates to:

Hborn
s (Γc(K

∣∣
U

)) ∼=
⊕
k≥1

( ⊕
s1+···+sk=s

Zξn(s1−1)(U) ⊗̂ · · · ⊗̂ Zξn(sk−1)(U)

)
Σk

.(5.5)

This calculates the �rst page of the spectral sequence.
Now, recall that the horizontal di�erential of the double complex arises from

a �ech di�erential. To understand how this di�erential acts on the �rst page,
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it su�ces to understand, for open sets U ⊂ V ⊂ Rn with U ∼= V ∼= Rn, the
composition

(5.6)
Hborn
k (glt(C

∞
c (U))) ∼= Hborn

k (Γc(K
∣∣
U

))

→ Hborn
k (Γc(K

∣∣
V

)) ∼= Hborn
k (glt(C

∞
c (V ))),

where the middle map is induced by the extension map

Cborn
k (Γc(K

∣∣
U

))→ Cborn
k (Γc(K

∣∣
V

)).

The di�erential of the �rst page is then given as a linear combination of such
maps. Under the identi�cation of Hborn

k (gl(C∞c (U))) with antisymmetrized tensor
products of terms Zk(U), the map (5.6) is induced by extensions ιVU : Zk(U) →
Zk(V ), up to an action by the transition function gUV : U ∩ V → GLt(R) arising
from the choice of local trivializations on U and V .

Now recall that on Ad(P ), the transition functions act by the adjoint action
of GLt(K). However, in the calculation of Hι

k(glt(C
∞
c (U))) we have seen that we

may reduce to the glt(K) tensor invariants, which are equal to the GLt(K) tensor
invariants by [20, Lemma 9.2.5]. Thus the transition functions act trivially on this
space.

Hence, under the isomorphism (5.5), the map (5.6) can be identi�ed with the
appropriate direct sum of extension maps for the product cosheaves Zs1−1 ⊗̂ · · · ⊗̂
Zsk−1. As a consequence, the rows on the �rst page of the spectral sequence can
be identi�ed with the skew-symmetrization of the direct sum of �ech complexes of
these product cosheaves, with respect to the covers U ,U2, . . . ,Uq. This concludes
the proof. �

Some easy consequences:

Corollary 5.26. Let P → M be a principal GLt(K)-bundle and dimM ≥ 1, and
assume that Conjecture 5.14 holds.

i) If t ≥ 3, then

Hborn
1 (Γc(Ad(P ))) ∼= Ω0

c(M).

ii) If t ≥ 5, then

Hborn
2 (Γc(Ad(P ))) ∼=

(
Ω0
c(M)⊗̂

2
)

Σ2

⊕ Ω1
c(M)

ddRΩ0
c(M)

.

iii) If t ≥ 7, then

Hborn
3 (Γc(Ad(P )) ∼=(

Ω0
c(M)⊗̂

3
)

Σ3

⊕
(

Ω1
c(M)

ddRΩ0
c(M)

⊗̂ Ω0
c(M)

)
⊕ Ω2

c(M)

ddRΩ1
c(M)

⊕H0
c (M).

6. Comments and further outlook on the spectral sequence

We want to dedicate this section to a large amount of comments that can be
made about Theorem 5.24, its assumptions and possible outlooks for future gener-
alizations.

Firstly, the only reason we needed to restrict to bundles Ad(P ) → M was to
make sure that the transition functions of the bundle can be chosen to act by
inner automorphisms of the Lie algebra glt(K). In a more general Lie algebra
bundle, outer automorphisms may show up, i.e. automorphisms which are not in
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the image of Ad : GLt(K) → Aut(glt(K)). In this case, one may need to twist the
cosheaf structure of the Zk by a locally constant system depending on the bundle.
Hence, by including this data, it should be a straightforward exercise to generalize
Theorem 5.24 to more general glt(K)-bundles.

Secondly, in contrast to Theorems 4.8 and 4.10, one cannot phrase Theorem 5.24
in terms of Lie algebra bundles with in�nite-dimensional �bre gl(K), since the local
sections in this situation use the wrong tensor product: [12, Theorem 44.1] implies

C∞c (U, gl(K)) ∼= C∞c (U)⊗π gl(K),

which is not necessarily equal to C∞c (U) ⊗̂ gl(K) = gl(C∞c (U)), as, in general
⊗β 6= ⊗π on LF-spaces.

Thirdly, the reader may be tempted to consider the non-compactly supported
analogue of Theorem 5.24. Constructing this would, in some ways, be more stan-
dard, as this would rather use the sheaf theory associated to the sheaf of sections
of Ad(P ) → M , rather than the cosheaf theory of its compactly supported coun-
terpart. Another advantage would be that the stabilization

Hborn
k (gl(C∞(Rn))) ∼= Hborn

k (gln(C∞(Rn)))

occurs already when k+ 1 ≤ n, which is strictly stronger than the stabilization for
C∞c (Rn) in Theorem 4.10, occurring only when 2k + 1 ≤ n.

However, the crucial di�erence is that the arising double complex would not
be of �rst-quadrant anymore, as it arises as a mixture of a cohomological �ech
complex with a homological Lie algebra complex. Such double complexes are in
many ways more inconvenient: For one, it is not immediately clear whether the
spectral sequences associated to the horizontal and vertical �ltration converge to
the same in�nity-page, and even if they do, the relevant diagonals of the spectral
sequence may hit in�nitely many nonzero terms.

In particular, knowing only a part of the second page Ep,q2 , as it is the case in
Theorem 5.24, is then a lot less helpful, as it does not signi�cantly restrict the size
of any total homology group. The relevant diagonals of the double complex cross
an unbounded, unidenti�ed part of the spectral sequence. For further material on
similar calculations with non-�rst-quadrant complexes, we direct the reader to [9].

Furthermore, one may be interested to construct explicit cochains that generate
the terms of the spectral sequence. To this end, it may be helpful to compare this
to [46, Section 3]; there, continuous cochains for gln(K)-Lie algebra bundles are

constructed from elements in
(

Ω•(M)
dΩ•−1(M)

)∗
. When the bundle equals the endomor-

phism bundle End(E) of some vector bundle E → M , these cochains equal the
antisymmetrizations of the cyclic cochains constructed in [47, Section 7].

Finally, we want to remark what would be necessary to remove the condition
s ≤ q in the description of E2

r,s in Theorem 5.24. There are essentially two problems
The �rst one is the lack of a full description of q-diagonal, bornological Lie

algebra homology of gl(C∞c (Rn)). We know that the q-diagonal complex equals the
usual one in degree r ≤ q, hence their homologies agree in degree r ≤ q − 1. We
have not yet explored higher degrees.

Adapting our methods to the q-diagonal case would force one to consider cor-
responding notions of q-diagonal cyclic homology of C∞c (Rn), which could likely
be calculated using the localization techniques for cyclic homology, see for exam-
ple [28]. One would also require Künneth theorems for �diagonal� tensor products,
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which we have not de�ned here. Intuitively, a 1-diagonal tensor product would be
of the following shape:

A⊗∆ B := A ⊗̂B/ 〈a⊗ b : supp a ∩ supp b = ∅〉.

It is not yet clear to us what such a Künneth theorem would look like.
The second problem is the lack of a full description of the unstable homology

groups of gln(C∞c (Rn)). Already in the algebraic setting, this appears to be highly
nontrivial: Conjecture 10.3.9 in [20] attempts to give a description for Lie algebra
homology of gln(A) when A is commutative and unital, and it is stated that their
conjecture implies a certain case of the Macdonald conjectures. In [48], the conjec-
ture is veri�ed for many special cases, but it is also shown that, in full generality, it
does not hold. To our knowledge, a satisfying, general description of these unstable
homology groups is an open problem.

Appendix A. The algebraic Loday-Quillen result

We recall from the presentation in [20, Chapter 10] the outline of the proof of
the algebraic Loday-Quillen-Tsygan theorem, originally developed in [6] and even
earlier in [7].

Fix a unital algebra A in this section.

Theorem A.1 (Loday, Quillen, Tsygan). Let A be a unital algebra and

gl(A) := lim−→ gln(A) := lim−→ gln(K)⊗A.

Then we have the following relation of the Lie algebra homology H•(gl(A)) and
the cyclic homology Hλ

• (A):

H•(gl(A)) ∼= Λ•Hλ
•−1(A).

All above tensor products and homologies are taken algebraically.

Due to the unitality of A, for all �nite n ∈ N the Lie algebra gln(A) contains the
reductive subalgebra gln(K), and thus the reduction C•(gln(A))→ C•(gl(A))gln(K)

is a quasi-isomorphism, see [20, Prop 10.1.8]

Proposition A.2. Denote by Σk the permutation group on k elements.
If n ≥ k, then there is an isomorphism

φn :
(
gln(K)

⊗k
)
gln(K)

→ K[Σk],

of Σk-modules, where Σk acts on the left-hand side by permutation of tensor factors
and on the right-hand side by the adjoint action.

We can make this isomorphism map explicit (see [20, Chapter 9.2]): De�ne

g := g1 ⊗ · · · ⊗ gk 7→
∑
σ∈Σk

T (σ)(g)σ ∀gi ∈ gln(K),

where, if σ ∈ Σk assumes a cycle decomposition

σ = (i1 . . . ik)(j1 . . . jr) . . . (t1 . . . ts),

we set

T (σ)(g) := tr(gi1 . . . gik) tr(gj1 . . . gjr ) . . . tr(gt1 . . . gts).
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By the invariance of the trace under cyclic permutations, it is straightforward to
show that this map factors through to C•(gln(A))gln(K). A careful analysis then
shows that this yields a bijection of the spaces.

The family of isomorphisms {φn}n≥k is compatible with the inclusions induced
by gln(K)→ glm(K) for m ≥ n ≥ k, meaning the following diagram commutes:

(
gln(K)⊗

k
)
gln(K)

(
glm(K)⊗

k
)
glm(K)

K[Σk]

φn φm

Hence, since homology commutes with direct limits, we get

H•(gl(A)) ∼= lim−→H•(gln(A)) ∼= lim−→H•
(
C•(gln(A))gln(K)

)
,

and as in the direct limit n → ∞, every graded component of C•(gln(A))gln(K)

becomes constant at some point, we can identify

lim−→C•(gln(A))gln(K)
∼= C•(gl(A))gl(K)

∼=
⊕
k≥0

(
K[Σk]⊗A⊗

k
)

Σk
.

The Σk-action on the last term is given by the tensor product of the signed
permutation action on A⊗

k

and the adjoint action on K[Σk]
The last ingredient is to relate the last cochain complex space and the di�erential

it inherits to the cyclic complex of A and the cyclic di�erential.
Recall that (1 · · · k) ∈ Σk denotes the cyclic permutation of k elements.

Proposition A.3. Consider the map

Cλ•−1(A)→
⊕
k≥0

(
K[Σk]⊗A⊗

k
)

Σk
,

[a1 ⊗ · · · ⊗ ak] 7→ [(1 · · · k)⊗ (a1 ⊗ · · · ⊗ ak)].

This map is well-de�ned, intertwines the di�erentials, and extends to an isomor-
phism of chain complexes

θ : Λ•Cλ•−1(A)→
⊕
k≥0

(
K[Σk]⊗A⊗

k
)

Σk

by setting, for [u1], . . . , [ul] with [ui] ∈ Cλki−1(A) and N :=
∑
i ki:

θ([u1] ∧ · · · ∧ [ul]) :=
[(

(1 · · · k1) ◦ (k1 + 1 · · · k2) ◦ · · · ◦ (kl−1 + 1 · · · kl)
)

⊗ (u1 ⊗ · · · ⊗ ul)] ∈
(
K
[
ΣN

]
⊗A⊗

N
)

ΣN
.

Remark A.4. The reader is invited to check that the �nal product map is well-
de�ned on all levels: It is independent of the ordering of [u1] ∧ · · · ∧ [ul], as a
di�erent ordering is equivalent to a permutation by ΣN , and we map into the ΣN -
coinvariants. It is also independent of the choice of representatives ui ∈ [ui] ∈
Cλki−1(A), since this is equivalent to a cyclic permutation acting on ui, and the
cycle (ki−1 + 1 · · · ki) is �xed under conjugation by itself.
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The di�erential on the domain of θ is simply the di�erential of tensor product
complexes. Hence, the Künneth theorem �nally implies

Λ•Hλ
•−1(A) ∼= lim−→H•

(
C•(gln(A))gln(K)

) ∼= H•(gl(A)).

Appendix B. The flat de Rham complex

LetM be an smooth, n-dimensional manifold (possibly with boundary), N ⊂M
a closed submanifold, both of

dimHk(N), dimHk(M) <∞ ∀k ∈ N0.

In this section, we want to make a short excursion in understanding the �at de
Rham complex

Ω•flat(M,N) := {ω ∈ Ω•(M) : (j∞ω)|N = 0},

i.e. the subcomplex of Ω•(M) given by forms which are �at on N .

Lemma B.1. Consider the complex

0→ Ω0
flat(M,N)→ · · · → Ωnflat(M,N)→ 0,(B.1)

with the di�erential given by the restriction of the de Rham di�erential.
Its homology equals relative singular cohomology of the pair (M,N), and the

di�erential has closed range.

The proof utilizes some basic knowledge of sheaves and sheaf cohomology, for
which we direct the reader to [40].

Proof. The proof idea uses ideas from [49].
Denote by R the constant sheaf on M and by Ωk the soft sheaf of k-forms on

M . Then there is the well-known resolution

0→ R→ Ω0 → Ω1 → . . .

Assigning to a sheaf S on M the sheaf SM\N on M with stalks

(SM\N )x :=

{
Sx if x 6∈ N,
0 if x ∈ N

is an exact functor, since exactness of sequences of sheaves may be checked on stalks,
see [40, Section I.2]. Further, if S was soft, then so is SM\N [40, Prop II.9.13].

Then the sheaf Ω•M\N assigns to an open U ⊂M the set Ω•flat(U,U ∩N), and, if
U ⊂M is di�eomorphic to Rn then for RM\N we have

RM\N (U) :=

{
R if U ∩N = ∅,
0 if U ∩N 6= ∅.

Thus

0→ RM\N → Ω0
M\N → Ω1

M\N → · · · → ΩnM\N → 0

is a soft resolution of the sheaf RM\N , and the complex (B.1) calculates its sheaf
cohomology.

But by standard sheaf-theoretical arguments using resolutions by singular co-
chain spaces, the sheaf cohomology of RM\N equals relative singular cohomology
of the pair (M,n), see for example [40, Chapter III.1].
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Now, since we assumed M and N to have �nite-dimensional cohomology, the
image of the de Rham di�erential is, in every degree, co�nite-dimensional within
in its kernel ker ddR. Together with Theorem 3.9 and closedness of ker dk+1, this
shows the statement.

�

Remark B.2. It is likely possible to drop the assumption of �nite-dimensionality
of the cohomology groups of M and N and proceed in a similar manner as [30,
Proposition 5.4], but we do not need this here.

Appendix C. Proof of Theorem 4.10

The strategy and proof of Theorem 4.10 takes some preparation. The material
and notation of this section originates from [37], and we also refer to the related
preprint [38]. There, the algebraic analogue of Theorem 4.10 was proven, and our
contribution will be the extension of the results to nuclear Fréchet algebras. We
closely follow the outline of the proof of [38] and make remarks to how this extends
to our setting at the appropriate places.

De�nition C.1. Let m,n ≥ 1.

i) We say that α := (α1, . . . , αl) ∈ Zl>0 is a partition of m of length l = l(α)

if
∑l
i=1 αi = m and α1 ≥ · · · ≥ αl.

Additionally, we de�ne ∅ to be a partition of 0 of length 0.
The set of partitions of m is denoted by P (m).

ii) Let α, β be two partitions of m, and l(α) + l(β) ≤ n, then we set

[α, β]n := (α1, . . . , αl1 , 0, . . . , 0,−βl2 , . . . ,−β1) ∈ Zn.

iii) Let V be a gln(K)-representation and µ ∈ Zn, then we de�ne the highest
weight module Vµ via

Mµ(V ) := {v ∈ V : eij · v = 0, ekk · v = µk · v ∀k, ∀i < j},
Vµ := U(gln(K)) ·Mµ(V ).

Here, eij ∈ gln(K) denotes the elementary matrix with a one in the (i, j)-th
entry and zeroes everywhere else.

Lemma C.2. Let n, k ≥ 1, and A be any topological algebra. Then:

Cborn
k (gln(A)) =

⊕
m≥0

⊕
α,β∈P (m)
l(α)+l(β)≤n

Cborn
k (gln(A))[α,β]n .

Proof. Consider gln(K) and its tensor products gln(K)⊗
k

as a gln(K)-representation
in the natural way, via the adjoint action and tensor products thereof. Since gln(K)
is a reductive Lie algebra, its adjoint representation is completely reducible, and
the decomposition of the following �nite-dimensional tensor modules is standard
(for a detailled discussion, see [37, p.211f.])

gln(K)⊗k =
⊕
m≥0

⊕
α,β∈P (m)
l(α)+l(β)≤n

(
gln(K)⊗k

)
[α,β]n

.
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Now, since gln(K) acts trivially on A, this extends to a decomposition for the

gln(K)-module
(
gln(K)⊗k ⊗A⊗k

)
Σk
.

Lastly, since completion commutes with topological direct sums, this extends to
Cborn
k (gln(A)) and the statement is shown. �

The action of a Lie algebra respects associated Chevalley-Eilenberg di�erentials,
so we have the subcomplexes

Cborn
• (gln(A))[α,β]n ⊂ C

born
• (gln(A)),

M[α,β]n(Cborn
• (gln(A))) ⊂M[α,β]n(Cborn

• (gln(A))).

By reducing to the �nite-dimensional highest weight theory as in Lemma C.2,
one shows:

Lemma C.3. Let A be any topological algebra. For every n ≥ 1,m ≥ 0 and
α, β ∈ P (m) with l(α) + l(β) ≤ n, we have

H•(C
born
• (gln(A))[α,β]n) ∼= U(gln(K)) ·H•(M[α,β]n(Cborn

• (gln(A)))).

Some last de�nitions before we get to the relevant theorems: Given a partition
α ∈ P (m), we denote by V α the well-known Specht Σm-module associated to α, see
[37, p.216] for a detailled de�nition. Lastly, given a chain complex C•, denote by
Tm(C•) := (C•)

⊗m the chain complex given by the m-th algebraic tensor power of
C•.

The following will be our main proposition:

Proposition C.4. Assume A is a nuclear Fréchet algebra.
Then, for every n,m ≥ 1 and α, β ∈ P (m) with l(α) + l(β) ≤ n, there is a chain

morphism

(C.1)
M[α,β]n(Cborn

• (gln(A)))→

Λ̂•(Cλ,born
•−1 (A))⊗

(
ˆ̃Tm(Cbar,born

• (A))⊗ V α ⊗ V β
)

Σm
,

which is an isomorphism of TVS in degree ≤ n
2 .

Here, T̂ , ˆ̃T and Λ̂ denote the completions of the (reduced/exterior) tensor algebra
in the bornological tensor product topology, and the codomain is equipped with the
product di�erential arising from the cyclic and bar di�erentials.

Proof. Assume �rst that A is an arbitrary TVS, not necessarily with an algebra
structure. Set

S(A) := T •(T̃ •(A))⊗ (T̃m(Cbar
• (A))⊗ V α ⊗ V β).

We �rst construct a map of graded vector spaces

ψ̃A : S(A)→M[α,β]nT
•(gln(A))

as follows:
Denote by eij ∈ gln(K) the elementary matrix with a one in the (i, j)-th entry

and zeroes everywhere else. Set then for c = a1 ⊗ · · · ⊗ ap ∈ A⊗
p

and 1 ≤ r, s ≤ n:

ζrs(c) :=
∑

i2,...,ip

(eri2 ⊗ a1)⊗ (ei2i3 ⊗ a2)⊗ . . .

· · · ⊗ (eip−1ip ⊗ ap−1)⊗ (eips ⊗ ap) ∈ (gln(A))⊗
p
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With this we de�ne

θ̃ : T •(T̃ •(A))→ T •(gln(A))

as the graded algebra map induced by, for a1 ⊗ · · · ⊗ ap ∈ T 1(T p(A)):

θ̃(a1 ⊗ · · · ⊗ ap) : =
∑

1≤k≤n

ζkk(a1 ⊗ · · · ⊗ ap)

=
∑

i1,...,ip

(ei1i2 ⊗ a1)⊗ · · · ⊗ (eini1 ⊗ an).

Further, recall that for some partition γ of a number m, the Specht module
V γ is de�ned as generated by equivalence classes of standard Young tableaux of
shape γ in a certain way [37, p.216]. Two standard Young tableaux are considered
equivalent if their rows contain the same numbers.

Let x be such a Young diagram of length ≤ n and 1 ≤ i ≤ m, then we set ρi(x)
to be the row of x containing the number i. We de�ne:

ε̃ : T̃m(Cbar
• (A))⊗ V α ⊗ V β → T •(gln(A)),

(c1 ⊗ · · · ⊗ cm)⊗ x⊗ y 7→ ζρ1(x),n+1−ρ1(y)(c1)⊗ · · · ⊗ ζρm(x),n+1−ρm(y)(cm)

Then, �nally, we de�ne

ψ̃A : S(A)→M[α,β]nT
•(gln(A))

as the tensor product of θ̃ and ε̃. [37, Theorem 3.4] shows that this indeed maps
into the highest weight module M[α,β]nT

•(gln(A)).
Note also that ψ̃A intertwines the actions

Z/k1Z
�

T k1(A), Σk2

�

T k2(T̃ •(A)), Σm

�

(T̃m(Cbar
• (A))⊗ V α ⊗ V β)(C.2)

on the domain with corresponding permutations of Σm on the codomain, and the
invariants of both spaces with respect to these actions are

RΣ(A) := Λ•(Cλ•−1(A))⊗
(
T̃m(Cbar

• (A))⊗ V α ⊗ V β
)Σm

,

RΣ(A) := Λ•(Cλ•−1(A))⊗
(
T̃m(Cbar

• (A))⊗ V α ⊗ V β
)

Σm
,

and M[α,β]nC•(gl(A)). Denote by ψA : RΣ(A) → C•(gl(A)) the arising map on
invariants.

We show now:

Lemma C.5. Let A be a complete TVS. Consider RΣ(A) and M[α,β]n(C•(gln(A)))
as TVS with the topology induced by the projective tensor product.

Then ψA extends to a morphism of topological graded vector spaces on the com-
pletions

RΣ(A)→M[α,β]n(Cborn
• (gln(A))),

which is an isomorphism in degree ≤ n
2 .

Proof. [37, Theorem 3.6] shows that for every �nite-dimensional A, the map ψA is
an isomorphism of vector spaces in degree ≤ n

2 .
Maschke's theorem implies that in characteristic zero and for a �nite group G, we

can always assign to every equivariant morphism f : U → V between G-modules an
equivariant map h : V → U , with the property that if f reduces to an isomorphism
on invariants fG : UG → V G, then hG inverts fG.
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Hence in the case A = K there is a map

κ̃K : T •(gln(K))→ S(K),

intertwining the actions (C.2), whose reduction to invariants κK : C•(gln(K)) →
R(K) inverts ψK in degree ≤ n

2 . Note that the domain and codomain of κ̃K have
�nite-dimensional graded components and hence κ̃K and κK are automatically con-
tinuous.

In the case of A being an arbitrary TVS, we can use canonical isomorphisms to
identify

S(A) ∼= S(K)⊗ T •(A), T •(gln(A)) ∼= T •(gln(K))⊗ T •(A).

These isomorphisms identify ψ̃A with ψ̃K ⊗ idT•(A).
Under these identi�cations, consider κ̃A := κ̃K ⊗ idT•(A). The equivariance of

κ̃A and ψ̃A under the actions (C.2) show that the reduction to invariants κA :
C•(gln(A))→ R(A) is a two-sided inverse to ψA in degree ≤ n

2 , just as in the case
A = K. This map is continuous as the tensor product of continuous maps.

Hence ψA has a continuous inverse, and thus lifts to a continuous morphism of
graded TVS on the topological closures, and that this lift is an isomorphism in
degree ≤ n

2 . The lemma is shown. �

Now, assume A is a nuclear Fréchet algebra. We use the previously constructed
map ψA, which only induced a morphism ofTVS, to induce a morphism of chain
complexes.

Denote by A∗ the strongly continuous dual of A and by A∨ the algebraic dual.
De�ne the following maps for a ∈ A, β ∈ A∗, g, h ∈ gl(K):

ev : A→ (A∨)∨, ev(a)(β) := β(a),

ν : gln(A)→ gln(A∨)∨, ν(g ⊗ a)(h⊗ β) := tr(gT · h) · ev(a)(β),

K : Cλ• (A)→ Cλ• (A), K([a1 ⊗ · · · ⊗ an]) := n · [a1 ⊗ · · · ⊗ an].

In [38, Theorem 3.1], a continuous graded chain map φ is de�ned which makes
the following diagram commute:

M[α,β]nC•(gln(A)) RΣ(A)

M[α,β]nC•(gln(A∨))∨
(
RΣ(A∨)

)∨(ψA∨◦(K⊗1))T

φ

Here, the left vertical arrow is induced by ν, the right vertical arrow by ev.
Since nuclear Fréchet algebras are automatically re�exive, ev and ν are topolog-

ical isomorphisms when all algebraic duals are replaced with strongly continuous
duals and C• with Cborn

• .
We have also proven in Lemma C.5 that ψA∗ extends to an isomorphism of TVS

in degree ≤ n
2 on the completion, and so does its transpose ψTA∗ . Hence, if in the

above diagram the algebraic duals are replaced with continuous duals and C• with
Cborn
• , the bottom arrow, too, is a topological isomorphism. Hence all arrows except

φ in the above diagram induce topological isomorphisms in degree ≤ n
2 under the

given replacements. Hence φ does, too.
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Hence the extension of φ to the closures is a morphism of chain complexes and
an isomorphism in degree ≤ n

2 . This concludes the statement.
�

Proof of Theorem 4.10. Due to the Lemmata C.2 and C.3, we have

Hborn
• (gln(A)) ∼= H•

(
Cborn
• (gln(A))[∅,∅]n

)
⊕
⊕
m≥1

⊕
α,β∈P (m)
l(α)+l(β)≤n

U(gln(K)) ·H•
(
M[α,β]n(Cborn

• (gln(A)))
)
.

If A is bornologically H-unital, then its bornological bar complex is acyclic, and
thus its di�erential has closed range. By assumption on A, the di�erential of the
cyclic complex has closed range, we can calculate the homology of the codomain
of (C.1) via the Künneth isomorphism from Corollary 3.11. But acyclicity of the
bar complex then implies acyclicity of this product complex. Since (C.1) is a chain
isomorphism in degree r ≤ n

2 , it induces isomorphisms of homology groups in degree
2r + 1 ≤ n.

Thus, if 2r + 1 ≤ n, we have

Hborn
r (gln(A)) ∼= Hr

(
Cborn
• (gln(A))[∅,∅]n

)
= Hr

(
Cborn
• (gln(A))gln(K)

)
,

and the calculation of the homology of the invariant complex Cborn
• (gln(A))gln(K) is

carried out exactly as in the unital case in Section 4. In particular, this homology
stabilizes so that Hι

r(gl(A)) ∼= Hι
r(gln(A)) ∼= Hborn

r (gln(A)) when 2r + 1 ≤ n.
Hence the statement is shown. �

Appendix D. Cosheaves and �ech homology

We require a few de�nitions regarding the shea�ike aspects of the space of
bornological Lie algebra chains Cborn

• (Γc(K)). Much of the material within this
section can be read up on in more detail in [40]. We assume the reader is familiar
with the basic notions of sheaves on topological spaces.

De�nition D.1. [40, Chapter V.1] Let M be a topological space.
i) A precosheaf (of abelian groups) P on M is a covariant functor from the

category of open sets of M , morphisms given by inclusions, into the cate-
gory of abelian groups.
Given an inclusion U ⊂ V of open sets, we denote the associated map-
ping P(U) → P(V ) by ιVU , called the extension map from U to V of the
precosheaf P.

ii) A cosheaf is a precosheaf P with the property that for every open cover U
of an open set U ⊂M , the sequence⊕

i,j

P(Ui ∩ Uj)→
⊕
i

P(Ui)→ P(U)→ 0

is exact, where the maps are given by

(aij)i,j 7→

∑
j

ιUiUi∩Uj (aij − aji)


i

, (bi)i 7→
∑
i

ιUUibi.

We call a cosheaf P �abby if all extension maps ιVU are injective.
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iii) A morphism of (pre-)cosheaves is a natural transformation between the
functors de�ning the (pre-)cosheaves.

Most practical examples of cosheaves arise from some notion of compactly sup-
ported objects, since compactly supported objects on some open set can always
extended by zero to bigger open sets. The following proposition formalizes this:

Proposition D.2. [40, Proposition V.1.6] Let S be a sheaf a topological space
M , and consider the precosheaf Sc which associates to an open U ⊂M the set

Sc(U) := {s ∈ S(M) : supp s ⊂ U}

and whose extension maps are given by extending by zero.
If S is soft, then Sc is a �abby cosheaf.

Completely dually to sheaf theory, one can de�ne the �ech complex Č•(U ;P)
of a (pre-)cosheaf P associated to an open cover U of M , which is then given as a
chain complex

· · · →
⊕
i,j

P(Ui ∩ Uj)→
⊕
i

P(Ui)→ 0,

with the di�erential being a skew-symmetric linear combination of extension
maps ιVU .

Its construction is fully dual to the standard, sheaf-theoretic �ech cochain com-
plex, and we direct the reader to [40, Chapter VI.4] for details. We denote its
homology by Ȟ•(U ;P). The de�ning properties of a cosheaf P directly imply
Ȟ0(U ;P) = P(M) independently of the choice of U .

Re�nements of open covers induce on the associated �ech complexes the struc-
ture of a inverse system, and as such we may de�ne the �ech homology of a cosheaf
P as the inverse limit of the �ech homologies of its associated open covers:

Ȟ•(M ;P) := lim←− Ȟ•(U ;P).

Just like sheaf cohomology can be calculated in terms of resolutions, we shall
calculate �ech homology in terms of coresolutions:

De�nition D.3. [40, Chapter VI.7]

i) A precosheaf P on M is called locally zero if for every x ∈ M and every
open neighbourhood U of x there is an open neighbourhood V ⊂ U so that
ιVU = 0.

ii) A sequence of precosheaves

P1
f→ P2

g→ P3

is called locally exact is the precosheaf that assigns to U ⊂ M the space
Im f(P1(U))/ ker g(P2(U)) is locally zero.

iii) A coresolution of a cosheaf P is a locally exact sequence of cosheaves

· · · → P2 → P1 → P0 → P → 0.

The coresolution is called �abby if the P0,P1, . . . (but not necessarily P)
are �abby.

To calculate �ech homology of cosheaves, the following result will be helpful:
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Proposition D.4. [40, Thms VI.7.2, VI.13.1] Let P be a cosheaf onM with �abby
coresolution

· · · → P2 → P1 → P0 → P → 0.

i) �ech homology Ȟ•(M ;P) is equal to the homology of the complex

· · · → P2(M)→ P1(M)→ P0(M)→ 0.

ii) If U is an open cover of M with the property that

· · · → P2(U)→ P1(U)→ P0(U)→ P(U)→ 0

is exact whenever U is a �nite intersection of elements of U , then

Ȟ•(U ;P) = Ȟ•(M ;P).

Corollary D.5. For every �abby cosheaf P on M , and every open cover U of M ,
we have

Hr(M,P) = Hr(U ,P) =

{
P(M) if r = 0,

0 else.

Proof. Consider the �abby coresolution 0 → P id→ P → 0 and apply Proposi-
tion D.4. �

One concept which one might hope for in the theory of cosheaves is a dual version
of the well-known concept of shea��cation, in other words, a way to universally
assign to every precosheaf an appropriate cosheaf. For sheaves, one speaks of a left-
adjoint functor to the inclusion of presheaves into sheaves, and shea��cation exists
for presheaves in most standard categories, e.g. the category of sets or abelian
groups. Since shea��cation respects stalks, locally, the original presheaf and its
associated shea��cation carry the same information.

Surprisingly, the dual concept of �coshea��cation� is a lot more involved, and
even existence of this concept in most standard categories is a di�cult question, let
alone constructing it explicitly, see for example [50].

Instead, we will consider the concept of a cosheaf on a base. While the dual
notion of sheaves on a base is well-studied, we are not aware of any mention in the
literature of the cosheaf-theoretic version thereof.

De�nition D.6. Let B be a topological base of M . In the following, view B as a
subcategory of the category of open sets of M .

i) A precosheaf S on B is a covariant functor from B to the category of abelian
groups. We denote the image of U ∈ B as S(U) and the arising extension
maps for U ⊂ V ∈ B by ιVU .

ii) Choose for any U ∈ B an open cover {Ui}i∈I by elements in B, and for
every i, j ∈ I an open cover {Vij,k}k∈K of Ui ∩ Uj by elements in B. We
call a precosheaf S on B a cosheaf on B if, for all such choices, the following
sequence is exact:

0← P (U)←
⊕
i

P (Ui)←
⊕
ijk

P (Vij,k).

iii) A morphism of (pre-)cosheaves on B is a natural transformation of the
functors de�ning the (pre-)cosheaves.
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The sequence is the analogue of the cosheaf condition, but rather than working
with all open sets, we just work with elements of a topological base B. If B is
chosen as the topology of M , then this de�nition is equivalent to the de�nition of
a cosheaf on M .

This is precisely the dual of the well-studied concept of sheaves on a base, by
viewing Ab-valued cosheaves as Abop-valued sheaves.

Theorem D.7. Given a topological spaceM and a topological base B ofM . An Ab-
valued cosheaf on B extends, up to cosheaf isomorphism, uniquely to a cosheaf on
M . A morphism between two cosheaves on B of M extends uniquely to a morphism
between the induced cosheaves on M .

Proof. The following proof is due to [51]. The analogue statement for C-valued
sheaves is true whenever C is a complete category (see [52] or [53, Lemma 2.2.7]).
However, since Ab is a cocomplete category, Abop is a complete category. This
proves the statement. �

It is known that the setwise cokernels of cosheaf morphisms are again cokernels
[40, Prop VI.1.2], the proof being a simple diagram chase. This straightforwardly
extends to cosheaves on a base:

Proposition D.8. Let B be a topological base of M .
Let further φ : P → S be a morphism of cosheaves on B, and de�ne a precosheaf

cokerφ by assigning to B ∈ B
cokerφ(B) := S(B)/φ(P(B)),

with extension maps induced by the cosheaf maps of S. Then cokerφ de�nes a
cosheaf on B.
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